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■ Abstract 

■ We investigate the complexity of approximately counting stable matchings in the 
. A:-attribute model, where the preference lists are determined by dot products of "pref- 

^ I erence vectors" with "attribute vectors" , or by Euclidean distances between "prefer- 

^O; ence points" and "attribute points". Irving and Leather [16] proved that counting 

the number of stable matchings in the general case is ^^P-complete. Counting the 
I number of stable matchings is reducible to counting the number of downsets in a (re- 

• lated) partial order pTGj and is interreducible, in an approximation-preserving sense, 

Cf^ . to a class of problems that includes counting the number of independent sets in a 

bipartite graph {^BIS) [7]. It is conjectured that no FPRAS exists for this class 
of problems. We show this approximation-preserving interreducibilty remains even 
in the restricted fc-attribute setting when k > 3 (dot products) or fc > 2 (Euclidean 
', distances) . Finally, we show it is easy to count the number of stable matchings in 

the 1-attribute dot-product setting. 
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1 Introduction 



1.1 Stable Matchings 

The stable matching problem (or stable marriage problem) is a classical combinatorics prob- 
lem. An instance of this problem consists of n men and n women, where each man has his 
own preference list (a total ordering) of the women, and, similarly, each woman has her 
own preference list of the men. A one-to-one pairing of the men with the women is called a 
matching (or marriage). Given a matching, if there exists a man M and a woman w in the 
matching who prefer each other over their partners in the matching, then the matching is 
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considered unstable and the man-woman pair (M, w) is called a blocking pair. (M and w 
would prefer to drop their current partners and pair up with each other.) If a matching has 
no blocking pairs, then we call it a stable matching. In 1962, Gale and Shapley proved that 
every stable matching instance has a stable matching, and described an O(n^) algorithm 
for finding one [8]. 

The stable matching problem has many variants, where ties in the preference lists 
could be allowed, where people might have partial preference lists (i.e. someone might 
prefer to remain single rather than be paired with certain members of the opposite sex), 
generalizations to men/women/pets, universities and applicants, students and projects, 
etc. Some of these generalizations have also been well-studied and, indeed, algorithms for 
finding stable matchings are used for assigning residents to hospitals in Scotland, Canada, 
and the USA |ll|20l[22]. 

In this paper, we concentrate solely on the classical problem, so the term "matching 
instance" will refer to one where the number of men is equal to the number of women, and 
each man or women has their own full totally-ordered (i.e. no ties allowed) preference list 
for the opposite sex. 

Irving and Leather [16] demonstrated that counting the number of stable matchings 
for a given instance is #P-complete. This completeness result relies on the connection 
between stable marriages and downsets in a related partial order (explained in more detail 
in Section [3]), as counting the number of downsets in a partial order is another classical 
T^P-complete problem [2T] . 

Knowing that exactly counting stable matchings is difficult (under standard complexity- 
theoretic assumptions), one might turn to methods for approximately counting this number. 
In particular, we would like to find a fully-polynomial randomized approximation scheme 
(an FPRAS) for this task, i.e. an algorithm that provides an arbitrarily close approxi- 
mation in time polynomial in the input size and the desired error — see Section [2] for a 
formal definition. One method that has proven successful for other counting problems is 
the Markov Chain Monte Carlo (MCMC) method. This technique exploits a relationship 
between counting and sampling described by Jerrum, Valiant, and Vazirani namely, 
for self-reducible combinatorial structures, the existence of an FPRAS is computationally 
equivalent to a polynomial-time algorithm for approximate sampling from the set of struc- 
tures. Although the set of stable matchings for an instance does not obviously fit into 
the class of self-reducible problems, an efficient algorithm for (approximately) sampling a 
random stable matching can be transformed into a method for (approximately) counting 
this number. 

Bhatnagar, Greenberg, and Randall [1] considered this problem of sampling a random 
stable matching using the MCMC method. They examined a natural Markov chain that 
uses "male- improving" and "female- improving" rotations (see Section 13. 3p to define a ran- 
dom walk on the state space of stable matchings for a given instance. In the most general 
setting, matching instances can be exhibited for which the mixing time of the random walk 
has an exponential lower bound, meaning that it will take an exponential amount of time 
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to (approximately) sample a random stable matching. This exponential mixing time is due 
to the existence of a "bad cut" in the state space. Bhatnagar, et al. considered several 
restricted settings for matching instances and were still able to show instances for which 
such a bad cut exists in the state space, implying an exponential mixing time in these 
restricted settings. 

Of particular interest to us in this paper, Bhatnagar et al. examined the so-called 
k-attribute model. In this setting each man and woman has two fc-dimensional vectors 
associated with them, a "preference" vector and a "position" (or "attribute") vector. A 
man Mj has a preference vector denoted by Mj, and a position vector denoted by Mi 
(similarly denoted for the woman wj). Then, Mi prefers wj over we (i.e. wj appears higher 
on his preference list than we) if and only if Mi ■ wj > Mi ■ we, where Mi ■ wj denotes the 
usual /c- dimensional dot product of vectors. Since we assume that each man has a total 
order over the women (and vice- versa), we note that Mj ■ wj ^ Mi-we whenever j ^ i (and 
analogously for the women's preference vectors/men's position vectors). 

Even in this restricted /c-attribute setting (not every matching instance can be rep- 
resented in this manner if k is small [3]), Bhatnagar, Greenberg, and Randall were still 
able to demonstrate examples of matching instances having a "bad cut" where the Markov 
chain has an exponential mixing time. Bhatnagar et al. also considered two other restricted 
settings, the so-called k-range and k-list models, but we will not be considering those cases 
here. (Again, they gave instances having an exponential mixing time for the Markov chain.) 

It must be noted that even though the male- improving/ female- improving Markov chain 
might have an exponential mixing time, this does not necessarily imply the non-existence 
of an FPRAS for the corresponding counting problems. However, Dyer et al. [7] give 
evidence suggesting that even approximately counting the number of stable matchings is 
itself difficult, i.e. suggesting that an FPRAS may not exist. They do this by demonstrating 
approximation-preserving reductions amongst several counting problems, one being that of 
counting downsets in a partial order (once again, the connection to stable matchings is 
outlined in Section [3]). Relevant background about approximation-preserving reductions 
is discussed in Section [21 The main point is that the existence of an FPRAS for one 
problem would imply the existence of an FPRAS for this entire class of counting problems. 
Currently, the existence of such an FPRAS remains an open question. 

It is precisely the goal of this paper to consider the complexity of the approximate 
counting problem for the fc-attribute model. 

Before we continue, let us formally define some counting problems. Two counting 
problems relevant to us are: 

Name: j^SM. 

Instance: A stable matching instance with n men and n women. 
Output: The number of stable matchings. 

Name: #S'M(A;-attribute). 

Instance: A stable matching instance with n men and n women in the /c-attribute setting. 
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i.e. preference lists are determined using dot products between fc-dimensional preference 
and position vectors as mentioned above. 

Output: The number of stable matchings. 

As we stated previously, if k is small (relative to n), there exist preference lists that 
are not realizable in the fc-attribute setting [3j. On the other hand, if k = n then we can 
clearly represent any set of n preference lists by simply using a separate coordinate for 
each person to rank the members of the opposite sex. 

Another counting problem we consider in this paper is the following one: 

Name: #S'M(A;- Euclidean). 

Instance: A stable matching instance with n men and n women in the /c-dimensional 
Euclidean setting. In this setting, men and women each have a "preference point" and 
"position point" . Preference lists are determined using Euclidean distances between pref- 
erence points and position points. 

Output: The number of stable matchings. 

In other words, for a fc-Euclidean stable matching instance man prefers woman wj 
to woman W£ if and only if d{Mi,Wj) < d{Mi,we), where d{x,y) is the Euclidean distance 
between points x and y. Once again, ties are not allowed in the preference lists. 

Before we describe our results, let us give a brief introduction to approximation- 
preserving (AP) reductions and AP-reducibility. Further details can be found in Section O 

1.2 AP-reducibility (a brief introduction) 

Approximate counting problems have been of increasing interest in recent years. Some suc- 
cess has been demonstrated by finding fully-polynomial randomized approximation schemes 
for some ^^P-complete problems. Likewise, there are some (but fewer) problems known to 
not admit an FPRAS under usual complexity-theoretic assumptions. 

AP-reducibility (for approximation-preserving reducibility) is similar in nature to re- 
ductions used in showing problems are iVP-complete. Broadly speaking, if g is an integer- 
valued function (that counts some type of combinatorial structure) and there is an 
approximation-preserving reduction from another integer- valued function / (counting some- 
thing else) to g, then an FPRAS for g gives us an FPRAS for /. (Similar to Turing reduc- 
tions, the problem sizes are polynomially related and the error terms of the approximations 
are also polynomially related.) In this case we would write / <ap 9 to mean that / has 
an AP-reduction to g. Similarly we write / =ap g to mean that / <ap g and g <ap f, or 
that / and g are AP-interreducible. Definitions are provided in Section |2l 

This kind of AP-reduction allows us to study the relative complexity of approximate 
counting problems, just as polynomial many-one reductions allow us to compare complexity 
of decision problems such as graph coloring and satisfiability. 

The complexity class t^RHIIi of counting problems was introduced by Dyer, Goldberg, 
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Greenhill and Jerrum [7] as a means to classify a wide class of approximate counting 
problems that were previously of indeterminate computational complexity. The problems 
in ^RHIIi are those that can be expressed in terms of counting the number of models of a 
logical formula from a certain syntactically restricted class. Although the authors were not 
aware of it at the time, this syntactically restricted class had already been studied under 
the title "restricted Krom SNP" [5]. The complexity class t^RHIIi has a completeness 
class (with respect to AP-reductions) which includes a wide and ever-increasing range of 
natural counting problems, including: independent sets in a bipartite graph, downsets in 
a partial order, configurations in the Widom-Rowlinson model (all [7j) and the partition 
function of the ferromagnetic Ising model with mixed external field . Either all of these 
problems have an FPRAS, or none do. No FPRAS is currently known for any of them, 
despite much effort having been expended on finding one. 

All the problems in the completeness class mentioned above are inter-reducible via AP- 
reductions, so any of them could be said to exemplify the completeness class. However, 
mainly for historical reasons, the following problem tends to be taken as a key example 
in the class, much in the same way that Sat has a privileged status in the theory on 
NP-completeness. 

Name: i^BIS. 

Instance: A bipartite graph B. 

Output: The number of independent sets in B. 

Ge and Stefankovic [9] recently proposed an interesting new MCMC algorithm for sam- 
pling independent sets in bipartite graphs. Unfortunately, however, the relevant Markov 
chain mixes slowly [I2] so even this interesting new idea does not give an FPRAS for 
i^BIS. In fact, Goldberg and Jerrum [11] conjecture that no FPRAS exists for jj^BIS (or 
for the other problems in the completeness class). We make this conjecture on empirical 
grounds, namely that the problem has survived its first decade despite considerable efforts 
to find an FPRAS and the collection of known ^^i^/S'-equivalent problems is growing. 

Since Dyer et al. show that jj^BIS and counting downsets are both complete in this 
class, and it is known that counting downsets is equivalent to counting stable matchings, 
the result of Dyer et al. implies i^BIS =ap i^SM. 

The goal of this paper is to demonstrate AP-interreducibility of i^BIS with the two 
restricted stable matching problems defined in Section 11.11 

1.3 Our results 

In this paper we prove the following results: 

Theorem 1 i^BIS =ap #S'M(A;-attribute) when k>3. 

In other words, jj^BIS is AP-interreducible with counting stable matchings in the k- 
attribute setting when /c > 3, so this problem is equivalent in terms of approximability to 
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the complete problems in the complexity class ^RHIIi. 



Theorem 2 #S'M(1— attribute) is solvable in polynomial time. 

We can also prove AP-interreducibility with ^BIS in the A;-Euclidean setting (when 
/c > 2) in a similar manner. Recall that in the fc-Euclidean setting, preference lists are 
determined by (closest) Euchdean distances between the "preference points" and "position 
points" . 

Theorem 3 #5/5 =ap #5M(A;-Euchdean) when k > 2. 
The rest of the paper is laid out as follows: 

We review further background on approximation schemes and AP-reductions in Sec- 
tion H 

Section [3] reviews some combinatorics of the stable matching problem that is relevant 
for our purposes in this paper. 

Section H] demonstrates Theorem [T] and Section O is devoted to proving Theorem |2J 

We give the construction required to demonstrate Theorem [3] in Section [61 This con- 
struction ends up giving us identical preference lists as those for the fc-attribute [k > 3) 
model. Thus, the remainder of the proof to show AP-interreducibility between 
#5'M(/c-Euclidean) for k >2 and ^BIS is identical to that for the 3-attribute setting and 
is not repeated. 

2 Randomized Approximation Schemes and 
Approximation-preserving reductions 

A randomized approximation scheme is an algorithm for approximately computing the 
value of a function / : E* — )■ M. The approximation scheme has a parameter e > which 
specifies the error tolerance. A randomized approximation scheme for / is a randomized 
algorithm that takes as input an instance a; G S* (e.g., for the problem ^SM, the input 
would be an encoding of a stable matching instance) and a rational error tolerance e > 0, 
and outputs a rational number z (a random variable of the "coin tosses" made by the 
algorithm) such that, for every instance x, 



The randomized approximation scheme is said to be a fully polynomial randomized approx- 
imation scheme, or FPRAS, if it runs in time bounded by a polynomial in |x| and e~^. 
Note that the quantity 3/4 in Equation ([T]) could be changed to any value in the open 
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interval 1) without changing the set of problems that have randomized approximation 
schemes [171 Lemma 6.1]. 

We now define the notion of an approximation-preserving (AP) reduction. Suppose 
that / and g are functions from S* to M. As mentioned before, an AP-reduction from / 
to g gives a way to turn an FPRAS for g into an FPRAS for /. Here is the formal 
definition. An approximation-preserving reduction from / to 5^ is a randomized algorithm A 
for computing / using an oracle for g. The algorithm A takes as input a pair (x, e) G 
S* X (0,1), and satisfies the following three conditions: (i) every oracle call made by A 
is of the form [w, 6), where i/; G S* is an instance of g, and < 5 < 1 is an error bound 
satisfying < poly(|x|,£:~^); (ii) the algorithm A meets the specification for being a 
randomized approximation scheme for / (as described above) whenever the oracle meets 
the specification for being a randomized approximation scheme for g; and (iii) the run-time 
of A is polynomial in |x| and e"^. 

According to the definition, approximation-preserving reductions may use randomiza- 
tion and may make multiple oracle calls. Nevertheless, the reductions that we present in 
this paper are deterministic. Each reduction makes a single oracle call (with 6 = e) and re- 
turns the result of that oracle call. A word of warning about terminology: Subsequent to |7], 
the notation <ap has been used to denote a different type of approximation-preserving re- 
duction which applies to optimization problems. We will not study optimization problems 
in this paper, so hopefully this will not cause confusion. 

3 Combinatorics of the stable matching problem 

The (classical) stable matching problem has a rich combinatorial structure which has been 
widely studied. We relate some aspects of this structure that we will need in this paper. 
Many of the definitions and results that follow can be found, for example, in [T6 t [T ^ [13] . 

3.1 The Gale- Shap ley algorithm 

In their seminal paper on the stable matching problem. Gale and Shapley [8] gave a 
polynomial-time algorithm for constructing a stable matching. This is generally referred 
to as the "proposal algorithm" and bears the names of Gale and Shapley in all of the 
literature on stable matchings. One sex (typically the men) make proposals to members 
of the other, forming "engagements" . Once all the "proposers" are engaged, the algorithm 
terminates with a stable matching. 

A description of this algorithm follows. 

As noted by Gale and Shapley (and others), the above algorithm computes the male- 
optimal stable matching, which is optimal in the very strong sense that every man likes 
his partner in this matching at least as much as his partner in any other stable matching. 
Given an instance with n men and n women, the algorithm computes the male-optimal 
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Algorithm 1 Gale-Shapley Algorithm 



• Initially every man and every woman is free. 

• Repeat until all men are engaged: 

• A free man M proposes to the highest woman on his list who has not already 
rejected him. 

— If is free, then she accepts the proposal and M and w become engaged. 

— If W7 is engaged to M', then 

* Let M"*" be the favorite of w between men M and M' . 

* Let M~ be the least favorite of w between men M and M' . 

* M"*" and w become engaged to each other. 

* w rejects M~ and M~ is set free. 



stable matching in time 0{n'^). 

During the algorithm, after a woman becomes "engaged" she never becomes free, though 
she might be engaged to different men at different times during the execution of the algo- 
rithm. On the other hand, a man could oscillate between being free and being engaged. 

It is well-known (see, e.g. [H [18]) that the male-optimal matching may be obtained by 
taking any ordering of the men and have them make proposals in that order, i.e. when "a 
free man M proposes..." we can take the highest free man in our ordering of the men to 
perform the next proposal. 

By reversing the roles of men and women (i.e. the women are the "proposers"), we can 
obtain the female-optimal stable matching. 

3.2 Stable matching lattice 

Given a matching instance and two stable matchings M. and Ai' where 



we define max{Mj,M/}, min{Mj,M/}, max{A^, A^'} and min{Al, Al'} as follows: 

max{Mj, Mj'} = favorite choice of woman Wi between men Mi and M- 
min{Mj, = least preferred choice of woman Wi between men Mj and M- 



max{A^,A^'} = {(max{Mi,M(},Wi),(max{M2,M2},W2),-- - , (max{M„, M^}, w^} 
min{A^, A^'} = {(min{Mi, M[}, w^), (min{M2, M^}, W2),-- - , (min{M„, M^}, w^)} 



M 
M' 



{(Mi,wi),(M2,w;2),-- - ,(M„,w;„)}, 
{(M(,ti;i),(M^,W2),--- ,(M;,w„)}, 
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Note that in the expression max{Mj,M|}, the woman Wi can deduced from the argu- 
ments since she is the only woman married to M, in M. and in M[ in Ai' . From |18] . 
we have that max{A^,A^'} and min{A^,A^'} are themselves stable matchings. Further, 
we define the relation Ai < Ai' if and only if Ai' = max{A^,A^'}. It is clear that the 
relation < is refiexive, antisymmetric, and transitive. Hence, the stable matchings of a 
stable matching instance form a lattice under the < relation. 

In fact, this lattice is a distributive lattice under the "max" and "min" operations 
defined above [18]. The male-optimal matching is the minimum element in this lattice 
(under the < relation), while the female-optimal matching is the maximum element. 

It is well-known (see, for instance, 0) that a finite distributive lattice is isomorphic 
to the lattice of downs ets of another partial order (ordered by subset inclusion). We shall 
shortly see how this other downset lattice arises in the context of stable matchings, and 
its connection to the stable matching lattice. 

3.3 Stable pairs and rotations 

Definition 3.1 A pair (M, w) is called stable if and only if (M, w) is a pair in some stable 
matching Ai. A pair {M,w) that is not stable is called an unstable pair. 

Definition 3.2 Let Ai be a stable matching. For any man M (woman w), let spm{M) 
(spm{w) ) denote the spouse of man M (woman w) in the matching Ai.. 

Definition 3.3 JT] Let Ad be a stable matching. The suitor of a man M is defined to be 
the first woman w on M's preference list such that (i) M prefers his spouse over w and 
(a) w prefers M over her spouse. The suitor of man M is denoted by Sm{M). 

We note that Sm{M) may not exist for every man. For instance, if Ai is the female- 
optimal stable matching, then Sm{M) would not exist. 

Definition 3.4 fTSf Let Ai be a stable matching. Let R = {{Mq,wo),{Mi,wi),--- , 
(Mfc_i, tyfe_i)} be an ordered list of pairs from Ai such that for every i, < i < k — 1, 
Sm{M.i) is Wj+i(mod k)- Then R is a rotation (exposed in the matching Ai). 

A stable matching may have many or no exposed rotations. Applying an exposed 
rotation to a stable matching (i.e. breaking the pairs (Mj,Wj) and forming the new pairs 
(Mj, ti?j_|_i)) gives a new stable matching in which the women are "happier" and the men 
are less happy. In other words, after a rotation, every woman (respectively, man) involved 
in the rotation is married to someone higher (resp. lower) on her (resp. his) preference list 
than her (resp. his) partner in the rotation. 

We can similarly define suitors for the women, given some stable matching Ai. We do 
not need to do so for the purposes of this paper, but the Markov chain that Bhatnagar, 
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et al. examine in [T] consists of moves that are "male-improving" and "female-improving" 
rotations. Starting from any stable matching, it is possible to obtain any other stable 
matching using some (appropriately chosen) sequence of male- improving and/or female- 
improving rotations jl6j . 

Definition 3.5 IT^ A pair {M,w), not necessarily stable, is said to be eliminated by the 
rotation R if R moves w from M or below on her preference list to a man strictly above 
M. 

Note that if a stable pair (M, w) in a rotation R is eliminated by R, and if (M, w') is 
any other pair eliminated by R, then man M prefers w over w', for otherwise no matching 
that has R exposed in it could be stable. 

Lemma 4 [7^ No pair is eliminated by more than one rotation, and for any pair (M, w), 
at most one rotation moves M to w. 

We can now define a relation on rotations. 

Definition 3.6 flW Let R and R' be two distinct rotations. Rotation R is said to explicitly 
precede R' if and only if R eliminates a pair (M, w), and R' moves M to a woman w' such 
that M (strictly) prefers w to w' . The relation "precedes" is defined as the transitive closure 
of the "explicitly precedes" relation. 

If a rotation R explicitly precedes R' then there is no stable matching with R' exposed 
such that applying R' results in a stable matching with R exposed — the intermediate 
matching would have a blocking pair (hence would not be stable). The relation precedes 
(<) defines a partial order on the set of rotations of the stable matching instance. We call 
the partial order on the set of rotations the rotation poset of the instance and denote it 

(^,<)- 

The following theorem relates the rotations in the rotation poset to the stable matchings 
of the instance via the downsets of P. 

Theorem 5 fIR Theorem 4-1] Tor any stable matching instance, there is a one-to-one 
correspondence between the stable matchings of that instance and the downsets of its rota- 
tion poset. 

Every stable matching of the instance can be obtained by starting with the male-optimal 
stable matching and performing the rotations in the corresponding downset (ensuring that 
a rotation is performed before any rotation that succeeds it is performed). Note that the 
downsets corresponding to the male-optimal stable matching and the female-optimal stable 
matching are and P, respectively. 

To construct the rotation poset, we need (i) the rotations and (ii) the precedence re- 
lations between them. We note that once we have all the rotations in the poset, we can 
establish the precedence relations using the "explicitly precedes" relation, i.e. by determin- 
ing which (stable or unstable) pairs are eliminated by each rotation. 
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3.4 Gusfield's algorithm for finding all rotations 



Given a stable matching instance, let H be the Hasse diagram of the stable matching 
lattice defined in Section 13.21 That is, H is the transitive reduction of the relation < on 
the set of stable matchings. Gusfield [13] gave a fast algorithm for finding all rotations of 
a stable matching instance. His algorithm is a refinement of successive applications of the 
^^breakmarriage" procedure of McVitie and Wilson [19]. The key ingredient in Gusfield's 
proof that his algorithm is correct is the following. 

Theorem 6 [731. Theorem 6] Let $ he any path in H from the male-optimal stable match- 
ing to the female- optimal stable matching. Then any two consecutive matchings on $ differ 
by a single rotation, and the set of all rotations between matchings along $ contains every 
rotation exactly once. 

Gusfield presented a well-tuned version of his algorithm that runs in O(n^) time. For 
the sake of presentation, we use the following, slower, variant of his algorithm (the variant 
still runs in polynomial time, which suffices for our purposes). 

Algorithm 2 Find-All-Rotations Algorithm 

• Initially we start with the male-optimal stable matching A^o? and some ordering of 
the men. 

• In the current matching Alj, among the ordered men, pick the first man who has 
a suitor. (If there are no men that have a suitor, then M.i is the female-optimal 
matching and the algorithm stops.) Let man Mi be the first man who has a suitor, 
namely SmX^i)- 

• Start constructing the sequence (Mi, wi), (M2, 1^2), ■ " " where wi = sp^. (Mi), for 
I = 2,3, - ■■, wi = SmA^i-i) and M/ = spmA^i)- 

• If there exists at G {I,-- - , / — 1} such that Wt = Wi, then return the rotation 
(Mj, Wt), ■ ■ ■ , (M/, wi), and apply the rotation to Aii to get a new stable matching 
Aii+i- Otherwise, increment I and continue constructing the sequence. 



In Algorithm [21 the existence of t is guaranteed by the fact that the current stable 
matching Alj is different from the female-optimal stable matching and, hence, has a rota- 
tion exposed in it. The correctness of the algorithm follows from Theorem |6l Starting at 
Alj, the algorithm applies a rotation to obtain Aii+i. Since rotations improve the utility 
of the women involved, Alj+i > Aii- To apply Theorem |6] we need only argue that the step 
from Aii to Alj+i is a single step in H rather than multiple steps. Equivalently, we need 
to argue that the rotation between Alj and Aii+i cannot be decomposed as a sequence 
of smaller rotations (where these smaller rotations correspond to individual steps in H). 
This follows by the definition of "suitor" — if A^i has rotation R exposed and applying 
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rotation R yields a stable matching M.' with R' exposed and applying R' yields M.i+i then 
either R and R' are disjoint (contradicting the fact that the transformation from M.i to 
M.i+1 can be accomplished with a single rotation) or R and R' share a man (in which case 
the transformation from Aii to M.i+i does not move this man to his suitor in A^j, so is 
not a rotation). 

Once we find all of the rotations using Algorithm [2l we can order them to find the 
rotation poset P using the relation given in Definition 13.61 

3.5 ^BIS, independent sets, and stable matchings 

The rotation poset for a matching instance plays a key role in what follows. To prove 
Theorem [H we take a i^BIS instance G = {Vi U V2, E) and view this as the rotation poset 
of a matching instance. In particular, G is the Hasse diagram of the poset when we draw 
G with the set V2 "above" Vi. 

Each independent set in the bipartite graph naturally corresponds to a downset in the 
partial order, and vice- versa. See Figured] for an example. An independent set, namely 
{d,f,g}, is shown in the left of that figure. The corresponding downset is shown on the 
right. This downset is obtained by taking the set {d, f,g} and adding the two elements a 
and b, as a < f and b < f (and b < g) in the Hasse diagram. Conversely, given a downset, 



f 9 h i j f 9 h i j 




a b c d a ij c d 

Figure 1: The correspondence between independent sets and downsets 

such as the one on the right of the diagram, we can find the corresponding independent 
set in G by taking the set of maximal elements of the downset. 

So given G, we then construct a matching instance (using 3-dimensional preference 
and attribute vectors) whose rotation poset is (isomorphic to) G, giving a 1-1 correspon- 
dence for our AP-reduction from i^BIS to #5'M(fc-attribute), showing that 4j^BIS <ap 
7^S'M(A;-attribute). This construction, and the proof of the correspondence, is in Section HI 

The reverse implication #S'M(/c-attribute) <ap H^BIS follows from the two results that 
^SM <Ap ^Downsets (Theorem quoted here from [I5|) and ^Downsets < ij^BIS [3, 
Lemma 9], where jj^Downsets is the problem of counting the number of downsets in a 
partial order. 
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4 Stable matchings in the k-attribute model (k > 3) 

In this section we give our construction to show AP-reducibihty from ^BIS to the k- 
attribute stable matching model when > 3. 

Given our previous remarks about the relation between j^BIS, independent sets, and 
stable matchings, our procedure is as follows: 

1. Let G = {Vi U V2,E) denote a bipartite graph where \E\ = n. Our goal will be to 
construct a A;-attribute stable matching instance for which we can show that the Hasse 
diagram of its rotation poset is G. This will give a bijection between stable matchings 
and downsets of G, hence a bijection between stable matchings and independent sets 
of G. 

2. Using G, in the manner to be specified in Section H?T| we construct preference lists 
for a 3-attribute stable matching instance with 3n men and 3n women. 

3. Given this matching instance, we find the male-optimal and female-optimal match- 
ings. 

4. Using the Find- All-Rotations algorithm, we extract the rotations from our stable 
matching instance. 

5. Having these rotations, we construct the partial order, P, on these rotations (specified 
by the transitive closure of the "explicitly precedes" relation). 

6. We finally show that P is isomorphic to G (when G is viewed as a partial order), 
thereby showing our construction is an approximation-preserving reduction from 
#5/^ to #SM(3-attribute). 

4.1 Construction of the stable matching instance 
4.1.1 BIS and permutations 

Let G = {Vi U V2, E) denote our BIS instance, where E C Vi x V2 and \E\ = n. 

Using G we will construct a 3-attribute stable matching instance with 3n men and 3n 
women. The men and women of the instance are denoted {^i, . . . , An, Bi, . . . , Bn, Ci, . . . , 
Gn} and {ai, . . . , a„, 61, . . . , 6„, ci, . . . , c„}, respectively. To describe our construction, we 
label the edges of G Bi through Bn from "left-to-right" with respect to the vertices {Vi) 
on the bottom. This becomes more clear from the example in Figure [2l We refer to edge 
Bi as man Bi, and this will be clear from the context. 

For our construction we associate two permutations, p and cr, of [n] = {1, . . . ,?7,} with 
the BIS instance. The cycles of p correspond to vertices in Vi and those of a correspond to 
vertices in V2. In other words, if the edges incident to a vertex in V2 are Bi^, . . . , Bi^, 
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Figure 2: A BIS instance and our labeling of its edges 



then (ii, ^2; ■ ■ ■ ,id) is a a-cycle. We define p-cycles in a similar fashion. If G has k = \Vi\ 
vertices on the bottom and / = IV2I vertices on the top, then the permutations p and a 
have k and / cycles, respectively. Since the graph G will turn out to be isomorphic to a 
rotation poset, every vertex in G will represent a rotation in the stable matching instance. 
The rotations of the stable matching instance will be governed by the p- and cr-cycles 
in a manner to be specified. The rotations corresponding to the p-cycles will be called 
p-rotations and those corresponding to the cr-cycles will be called a-rotations. 

In the example of Figure |2l the three p-cycles are pi = (1,2, 3), p2 = (4,5,6), and 
P3 = (7, 8). The four a-cycles are ai = (1, 7),<72 = (2, 4), 0-3 = (5), and 0-4 = (3, 6, 8). 

Here is a brief overview of how we go about constructing a stable matching instance 
from a given bipartite graph. 

First of all, the male-optimal stable matching in our matching instance we construct 
will consist of the pairs {Ai, a^), {Bi, hi), {Ci, q) for all i E [n]. (We must show later this is 
indeed the case for the construction we describe.) 

A p-cycle of the form + 1, . . . , 12) will correspond to the p-rotation, R, of the form 

{(-Sji, feji), (^n, Ctji), (-Bii + l, ^ii + l)) (^ii + l) Ctji + l); • • • ; {Bi^, fej^ ) 5 (^12 5 (^12)^ ■ 

This rotation R arises from a vertex v eVi with edges Bi^, -Bt^+i, . . . , Bi^ incident to it. 
We will later show that a cr-rotation R' is of the form 

{(-Bjl, Ctji), (C*iu Cji)? (-812, Ctia); (C*i2, Q2)? • • • 5 (-^ip5 '^v)? Qp)}; 

where (zi, ^2, • • • , ip) is the corresponding a-cycle, and that the rotation R' corresponds to 
the vertex v' G V2 with edges Bi^, Bi^, . . . , Bi^^ incident to it. 

In this manner, every rotation in the rotation poset is defined in terms of the men 
involved in them, the women being the (then-current) partners of the men that are in the 
rotation. Assuming that the above two claims regarding rotations are valid (as we will 
show below), we make the following observation. 

Observation 7 A p-cycle and a a -cycle can have at most one element in common. (This 
is because G is a graph and not a multi-graph.) This means that a p-rotation and a a- 
rotation can have at most one man in common. This similarly holds for the women. 



14 



In the next section we start by assigning preference vectors and position vectors to 
the men and women in our stable matching instance. Following that, we construct the 
initial portion of their preference lists. We then find the male- and the female-optimal 
matchings using the Gale-Shapley algorithm. After finding the male- and the female- 
optimal matchings, we extract all the rotations of the rotation poset using the Find- All- 
Rotations algorithm. Finally, we obtain the rotation poset by ordering rotations using 
the explicitly precedes relation. As wc stated earlier, we will find this rotation poset is 
isomorphic to G, showing our construction is a mapping from the set of H^BIS instances 
to #5'M(3-attribute) instances. 

4.1.2 Assigning preference and position vectors 

Suppose Di, . . . ,Di are the / cycles of a of lengths Pi, ■ ■ ■ ,Pi, respectively. Let Cj be a 
representative element of cycle Di. In other words, we can represent the cr-cycle Di as 
Di = (ci, cr(ei), . . . , (T^'~^(ej)). (We may, for example, select to be the smallest number 
in the cycle, and we will do so here). In what follows we will often abbreviate ax — 
a{x),a'^x — a^{x),a~^x — a~^{x), etc, and, similarly, px — p{x), etc. 

Let Rep{a) — {ei, 62 • • • ,ei} be the set of representative elements we choose for the 
cycles of a. Let Wi — {a^ : x E Di} U {bp^ : x G Di} U {c^-ix ■ x G D^}. Let T{x) = 
{C(j~ix,ax,bpx} where x G Di. It follows that Wi — LixeDiT{x) and T{i) n T{j) — for 
i 7^3- 

Using the definitions above, we begin to create a stable matching instance in the 3- 
attribute model whose rotation poset is the graph G. As a reminder, every man, say Ai, 
is associated with two vectors: (i) a position vector denoted by A^, and (ii) a preference 
vector denoted by Ai. Every woman similarly has her own position and preference vectors. 
Each man ranks the women based on the dot product of his preference vector with their 
position vectors. In other words, ii Ai ■ b > Ai ■ c, then man A^ prefers woman b over c. 
Note that we can always assign preference vectors so that \Ai\ = 1 (by normalizing those 
vectors) . 

Our task, therefore, is to specify the position and preference vectors for all the men 
and women in our matching instance. 

First we fix the position vectors of the women. The ^-coordinate of women and q is 
set to for 1 < i < n. The z-coordinate of woman 6j is set to 4* for 1 < i < n. The x- 
and y-coordinates of aj, bi, and Cj are such that the projection of each women's position 
vector onto the x-y plane lies on the unit circle x"^ + y"^ = 1. Furthermore, we group the 
projections according to the sets Wi. In other words, all women in Wi are embedded in 
an angle of e on the unit circle, where e = 2ti /n^. These groups are embedded around the 
circle in the order Wi through Wi., and the angle between two adjacent groups is (27r — /e)//. 
Note that Wi is adjacent to Wi-i and Wi. Group Wi starts at angle 27r(i — and ends 
at 27r(i- l)// + e. 
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Within the group Wi, the women are further sub-grouped into triplets 

T(e,),T(a(e,)),...,TK-i(e,)). 

Within the angle of size e, the sub-groups are embedded in the order T(ei) through 
T((7^*~^(ei)), with each T{-) spanning an angle of 69i. The angle between two adjacent 



y b v -i 




Arrange (projections of) position 
vectors for each Wi inside the sec- 
tors shown 




P^i^ Ae ■ 

Ogj (parallel to proj{BeA) 



Zoom-in on one of the Wi, 
showing the women's posi- 
tion vectors and men's pref- 
erence vectors 



Figure 3: Placement of the women's position vectors and men's preference vectors 

T(-)'s is 6i, where 6i = e/{7pi — 1). Within each T{x), the women appear in the order 
Co-la;, Gx, and bpx, and the angle between c^-ix and (ix is 4^j, and the angle between Gx and 
bpx is 29i. We summarize the above description by giving the exact coordinates for the 
position vector for the women. 

Let e = — . 

For Ci e Rep{a), let 9i = e/{7pi - 1). Then for < m < pi - 1 define 
a^me^^ (cos(27r{i-l)/l + 7m0i + Aei), sm(2'K(i - l)/l + 7m0i + AOi), 0), 
bpT^ei = (cos(27r(i - 1)// + 7m9i + 69i), sm{2n{i -l)/l + 7m^j + 6^^), 4:^"""^'), and 
c^m-ie^^ (cos(27r(i-l)/l + 7m9i), sin{27r(i - l)/l + 7m9i), 0). 

Next we define the preference vectors of the men. The 2;- coordinates of all Ai and Ci 
are set to 0. We place Ai between and the projection onto the x-y plane of If the 
angle between and (the projection of) bpi is a, then the angle between and Ai is 
and the angle between Ai and (the projection of) bpi is |a. This will ensure that A^ prefers 
Qi over bpi. We will later show that the preference list of Ai starts with aibpi. We place Ci 
between q and Og-j such that if the angle between q and a^i is f3, then the angle between 
Cj and Ci is |/S and the angle between Ci and a^^i is This will ensure that Cj prefers q 
over Oo-j. We will later show that the preference list of Cj starts with CjOo-j. 
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Finally, we place Bi, which is of unit length, such that Bi makes an angle of = 27r/100 
with the vertical axis (2;-axis) and its projection on the x-y plane is parallel to a.i. In other 
words, the projection of Bi on the z = Q plane is sin0 Oj. We summarize the above 
discussion by providing the exact coordinates of Aj, Bi, and Ci. 

2tx 

Let = 27r/100 and e = ^. 

For Ci G Rep{a), let 6i = e/ {7pi — 1). Then for < m < — 1 define 

= (cos(27r(i - + 7m9i + (14/3)^^), sin(27r(i - + ImO, + (14/3)^^), 0) , 
Bar^Si = (sin0cos(27r(i — 1)// + 7m6i + AOi), sin0sin(27r(i — 1)// + 7m6i + 46*4), cos0), 
and 

C^^-ie, = (cos(27r(i - 1)// + 7mei + (8/5)^,), sin(27r(i - 1)// + Tm^^ + (8/5)^,), 0) . 

In Section 14.1.31 we establish the preference lists of the men and women. The vectors 
given above let us determine the preference lists of the men, so we now specify the position 
vectors of the men and the preference vectors of the women. This proceeds in a similar 
manner as above. 

Suppose El through are the k cycles of p of lengths qi through q^, respectively. As 
above, let be a representative element of cycle Ei, so that we can write the p-cycle as 
ifiy p{fi)i ■ ■ ■ 1 P'^^~^{fi))- Let Rep{p) = {/i, /2 ■ ■ ■ , fk} be the set of representative elements 
we select for the cycles of p. Let Ui = {A^-i^ : r G Ei} U {Br : r G Ei} U {Cr : r G Ei}. Let 
S{r) = {Ap-ir, Br,Cr} whcrc r G Ei. It follows that Ui = Ur(^EiS{r) and S{i) fl S{j) = 
for i ^ j. 

We fix the position vectors of the men. The placement of the men is similar to that 
of the women. The z-coordinate of the men Ai and Bi is set to for 1 < i < n. The 
2;-coordinate of man Ci is set to 4* for 1 < i < n. The x- and ^/-coordinates of Ai, Bi and 
Ci are such that the projection of the men onto the z = plane lies on the unit circle 

+ = 1. Similar to above, the projections are grouped according to the sets Ui. In 
other words, with e = 27i/rP, all men in U are embedded in an angle of e on the unit 
circle. The groups are embedded around the circle in the order Ui through Uk and the 
angle between two adjacent groups is (27r — ke)/k. Note that Uk is adjacent to t/fc-i and 
Ui. The group U starts at angle 27r(i — l)/k and ends at 27i{i — l)/k + e. Within the 
group Ui, the men are further sub-grouped into triplets S{fi), S{p{fi)), ■ ■ ■ , S{p'^^~^{fi)). 
Within the angle of e, the sub-groups are embedded in the order S{fi) through S{p'^'~^{fi)) 
with each S{-) spanning an angle of 6ui, where the angle between two adjacent >S'(-)'s is 
oji = e/(7gj — 1). Within each S{j), the men appear in the order Ap-ij, Bj and Cj, and the 
angle between Ap-ij and Bj is and the angle between Bj and Cj is 200^. Here are the 
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exact co-ordinates for the position vector of each man. 
Let e = — . 

For fi e Rep{p), let Ui — ej {7qi — 1). Then for < m < gr^ — 1 we define 
Apm-i f. — {cos{27r{i — l) /k + 7muji), sm{27r {i — l)/k + Tmui), 0), 
B pm f. — {cos{27r{i — l) /k + 7muJi + 4:UJi), sm{27r {i — l)/k + 7muji + Aui), 0) , and 
Cpmf. = (cos(27r(i -l)/k + Ymoji + 6uji) , sin(27r(i - 1)/^ + 7muji + 6uji) , A"""^' ) . 

Finally, we define the preference vectors of the women. The 2;- coordinates of bi and q 
are set to 0. Suppose the angle between Bi and (the projection onto the x-y plane of) Ci 
is a. Then we place q in the x-y plane between Bi and (the projection of) Q such that 
the angle between Bi and q is ^a, and the angle between q and (the projection of) Ci is 
|q;. We place bi between Ap-ii and Bi such that if the angle between Ap-ii and Bi is /3, 
then the angle between Ap-ii and bi is |^ and the angle between b^ and Bi is 

We place Sj, which is of unit length, such that makes an angle of = 27r/100 with 

the vertical axis (2;- axis) and its projection on the z = plane is parallel to Bi. In other 
words, the projection of on the z = plane is sin0 Bi. Therefore, the exact coordinates 
of the preference vectors q, di and 6j are as follows. 

27r 

Let = 27r/100 and e = — . 

For fi G Rep{p), let = e/ (7gj — 1). Then for < m < gj — 1 we define 
cipm/^ = (sin cos(27r(i — l)/k + 7mui + iui), sin0sin(27r(i — l)/k + 7mUi + 4cuj), cos0), 
bpmf^ = (cos(27r(i — l)/k + 7mUi + (8/5)a;j), sin(27r(i — l)/k + 7mui + S/Scjj), 0) , and 
Cpmf. = (cos(27r(i — l)/k + 7muji + 14/3a;j), sin(27r(i — l)/k + 7muji + (14/3)a;j), 0) . 



4.1.3 Constructing (partial) preference lists 

Using the vectors defined in the previous section, we now examine the preference lists of 
the men and women of our constructed instance. 

First we will establish that the preference lists of Ai and Ci start with Qibpi and Cia^i, 
respectively. Since Ai and Q have a 2;-component that is equal to zero, it is enough to 
consider the projections of Cj, bi and q on the x-y plane. Furthermore, since ^4^, (7^, and the 
projections of Oj, bi and q are all of unit length, the dot product is essentially a function of 
the angle between the two vectors. In other words, if the angle between Aj and b is greater 
than the angle between Ai and c, then Ai-b < Ai - c. Recalling that Ai lies between di and 
bpi, and is closer to a^, then will appear first on the preference list of Ai. The women 
positioned next to ai on the unit circle are bpi and c^-ii. Since the angle between di and 
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Co-ij is twice the angle between Oj and bpi (and Ai lies between and bpi), we see that 
woman bpi appears second on the preference list of Aj. 

Since Ci lies between q and Uai and is closer to q, we see that Cj will appear first on 
the preference list of Ci. By construction, the angle between q and a^ri is 46i. We note 
that the angle between Ci and q is 2/5(4^j) = 8/5 6i and that between Ci and Oo-i is 
3/5{4:9i) = 12/5 6*1. We consider two cases (i) q is not the first woman in Wj for I < j < I, 
i.e. ai ^ Rep{a), (ii) q is the first woman in some Wj for 1 < j < Z, i.e. ai = ej for some 
l<j<l- 

Case(i) As q is not the first woman in Wj for I < j < I, the women positioned 
next to and 6pj where q G T{ai) and 6pj G T(i). The angle between (the 

projection of) b^i and q is the angle between two adjacent T(-)'s, which is one-fourth of 
the angle between q and a^i, i.e. l/4(4^j) = 9i. Hence, the angle between Ci and bpi is 
+ 8/5 6i = 13/5 9i > 12/5 ^j. Hence, a^i appears second on the preference hst of C,. 

Case(ii) As q is the first woman in some Wj for 1 < j < /, the women positioned next 
to Ci are a^i and b^^ where Cj,ao-i G and b^ G Wj^i. Note that j — 1 = Z if j = 1. 
The angle between q and acri is at most e and the angle between q and 5^; is the angle 
between Wj-i and which is (27r — le)/l — 27r/i — e > e. Hence, aai appears second on 
the preference list of Ci. 

Lastly we examine the preference list of Bi. We will show that the relative order of 
the b- women on the preference list of Bi is bnbn-ibn-2 ■ ■ ■ 6i for all 1 < i < n and that B^ 
prefers bi over any woman w ^ . . . , This will imply that the preference list of B^ 
starts with bnbn-i • • • 6i for all 1 < i < n. The dot product of Bi and bj is 

Bi ■ bj = sin flj ■ bj + cos 4-' . 
Hence, cos 4-^ — sin (j) < Bi - bj < cos + sin 0, and 
cos 4^' - < 5j • bj < cos 4-'' + 0. 

Comparing • bj with • &j+i, we observe that 

Bi ■ bj < cos 4-'' + < cos 4^'+^ - (j) < Bi ■ bj+i (since = 27r/100, cos > 3/4). 

This implies that the relative order of the 6-women on the preference list of Bi is bnbn-ibn-2 
• • • 6i for all 1 < i < n. 

Next we show that Bi prefers bi over any woman w ^ {bi, ■ ■ ■ ,bn}. Every woman 
w ^ {bi, • • • , bn} lies in the x-y plane. Hence, it is enough to consider the projection of Bi 
in the plane which is sin0 di. Comparing Bi ■ bi with Bi ■ and Bi ■ Cx ior 1 < x < n, we 
observe that 

4 • ^1 > cos 4 - > (3/4) ■ 4 - > 2, 
Bi'dx = sin (f) di ■ dx < sin < < 1 < 5j • 6i , and 
Bi ■ Cx = sin (j) di ■ Cx < sin < < 1 < 5j • 6i . 
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Hence, we have that the preference hst of Bi starts with 6„6„_i&„_2 • • • &i for 1 < i < n. 
Next we show that prefers over any woman w ^ {aj, 61, ■ ■ • , Comparing Bi ■ 
with Bi ■ (ix, where x ^ i and Bi ■ Cj for 1 < j < n, we find that 

sin (f)ai-ai — sin 0, 

sin (f) di ■ (ix: < sin (f) = Bi ■ (ii (since ■ a^; < 1 for i 7^ x), and 
sin (p di ■ Cx < sin (p = Bi ■ Oj. 

Now the preference hst of Bi reads bnbn-ibn-2 • ■ ■ biUi ior 1 < i < n. Finally, we consider 
two cases - (i) Oj is not the last a-woman in any Wj where 1 < j < I (ii) Oj is the last 
a- woman in some Wj where I < j < I- 

Case (i) Suppose G Wj for some j G {!,■■■ ,/}• As Oj is not the last a-woman in 
Wj, the next a-woman in Wj is a^i. In other words, aj G T(i) and ag-i G T[ai) where 
T(i) = {co--ii, aj, 6pj} and T{ai) = {q, ao-i, &po-i}. The angle between Cg-ij and di is 4^^, and 
that between di and (the projection of) bpi is 2^^. The angle between bpi and q is the angle 
between T{i) and T{ai) which is 9j. Hence, the angle between di and Ci is 29 j + 6j = 36 j. 
Note that the projection of the 6- women onto the unit circle is irrelevant as they have 
already been ranked by Bi. Hence, we need only consider the a-women and the c-women. 
Given the placement of the preference vector Bi, after aj, Bi will prefer either c^-ij or Cj. 
Comparing the dot product of Bi with Cg-ij and with Cj, we get 

Bi ■ Ci = sin 4> di ■ Ci = sin cos 39 j, and 
Bi ■ c^-ii — sin (f) di ■ c^-ii — sin cos 49 j < sin cos 39 j — Bi ■ Ci. 

Hence, the preference list of Bi reads bnbn-ibn-2 • • • biUiCi. 

Case (ii) Suppose Oj G Wj for some j G {!,••• ,1} and Oj is the last a-woman in the 
group. This implies that aj G T{i) = {ccr-ij, aj, 6pj} and T(i) is the last sub-group of Wj. 
Since T{i) is the last sub-group of Wj, Wj starts with the sub-group T{ai) = {q, a^^i, b^^i} 
followed by T{a'^i), ■ ■ ■ ,T{a^^^^i),T{(j^H) = T{i). The angle subtended by the group Wj 
at the origin is e and (27r — ley I is the angle between two adjacent W groups. Hence, 
comparing the dot product of Bi with any a-woman or c- woman in Wj with any a-woman 
or c- woman from W^ where x ^ j, we obtain 

wi G Wj , W2 G Wx, X ^ j, wi, W2 ^ {bi, ■■■ ,bn} 
Bi ■ Wi = sin (j) di ■ Wi> sin (p cos e, and 

Bi ■ W2 — sin (j) di ■ 102 < sin cos((27r — le)/l) < sin cos e < Bi ■ Wi. 

We conclude that Bi prefers the a-women and c-women in Wj over any a or c- woman 
in any other group. Within Wj, the T{-) sub-groups occur in the order T{i),T{ai), . . ., 
T{a^^~^i) and the projection of Bi lies inside T{i). We remind the reader that within 
T{a"^i), where 1 < m < pj, the angle between Co-m-ij and i.9j, the angle between 



Bi ■ Gi = 

Bi ■ d^ = 

Bi ' Cx 
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Qam-i and bpami is 29j, and that between two adjacent T'(-)'s is 9j, where {7pj — l)9j — e. 
This imphes that for 1 < m < pj the angle between Oo-'n; and the projection of i?i (which 
is the angle between ao-^i and Oj) is (pj — m)79j. For 1 < m < pj, the angle between Co-'^-ii 
and the projection of Bi (which is the angle between Co-m-ij and Oj) is (pj — m)79j + 4^^j = 
(7(Pj — m) + 4)^j. Now computing the dot product of with d^mi and Cg-m-ii, we see that 

for 1 < m < Pj , 9j — ej {7pj — 1), we have 

Bi ■ dfjTUi — sin0 di • dami — sin0 cos{7{pj — m)9j), 
Bi ■ Cg-m-ij = sin0 di ■ Cg-m-ij = sin0 cos((7(pj — m) + 4)^^), 
Bi ■ Cg-m-ij = sin0 cos((7(pj — m) + 4:)9j) < sin0 cos(7(pj — m)9j) 

— Bi ■ d^mi , 1 < m < Pj, and 

Bi ■ Co-mj = sin0 cos(7(pj — m)9j) < sin0 cos((7(pj — m — 1) + 4:)9j) 

— Bi ■ c-ami , 1 < m < Pj — 1. 

Combining the above inequalities and using the fact that i — cr~^ej — a^^~^ej, we get 
Bi ■ Ci < Bi ■ dcri < Bi ■ Ccri < ■ ■ ■ < Bi ■ c^(p.-i). < Bi • d^Pji — Bi ■ di. 

Hence, the preference list of Bi is 6„6„_i6„_2 • • • bittiC (p.-i).a • • • a^iiCaiaaiCi. 

We remind the reader that e, e Rep{a) is a representative element of cycle and 
Wi is partitioned into T{ei),T{ae,i), . . . ,T(a^P^~^^e,i) where the sub-groups are embedded 
on the unit circle in the order T(ej) through T with T{a^P' ^''ci) being the last 

sub-group in Wi. We now have the initial part of the preference lists of A, Q and B^. 
They are as follows: 

for d e Rep{a), (2) 

AfjTTi^. : Clcr"^eibpa"^ei j < TTl < — 1, 
C^(™-l)e^ : C^(m-i)e^a^me, , < m < Pi - 1, 

B a-me^ : bnbn-ibn-2 ' ' ' biafym ^.^Camei j < m < — 2, and 

B^{p,-i)e^ ■ bnbn-lbn-2 ' ' " &ia^(Pi-l)e.C^(p>-2)e,a^(p,-2)e. • • • a^ej Cei«eiC^(Pi-l)ei • 

The partial preference lists of the women can be obtained by arguments similar to those 
used for obtaining the men's preference lists. The partial preference lists for the women 
are as follows: 

for /, e Rep{p), (3) 
bpmf. : Ap(m-i)f^Bpvaf^ , < m < gi - 1, 

Cpmf. : Bpmf.Cpmf- , < m < ^ j — 1 , 

apmf. : CnCn~i ■ ■ ■ CiBpmf.Apmf. , < m < Qi — 2, and 

(^p(ii-^^fi • CnCn-i ■ ■ ■ Ci 

Bp(''i-^^fAp'-''i-^)fiBp'-''i-^)fi • ■ ■ Bp2fiApf.Bpf^Af.Bf^Api^i-i)j:.. 
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We note that we have not specified the entire preference hsts for the men and women. 
The remaining portion of each preference hst appears after the part that we have given 
above, and there will never be any stable pairs involving a man/woman pair that is not 
shown on the partial preference lists given. The partial lists we have given are sufficient to 
find the male- and female-optimal matchings, and they contain the necessary information 
to generate all of the stable matchings for our constructed instance, or equivalently, to find 
all of the rotations for this instance. 

4.2 Male- and female- optimal matchings 

The rest of our analysis will use the partial preference lists in (|2]) and ([3]) and will not 
otherwise depend upon the position and preference vectors. In order to re-use our analysis 
in Section [6l we will be less specific about the men's partial preference lists (|2]). Let 
r be a permutation of {1, . . . ,n}. Note that the men's partial preference lists from (E]) 
correspond to the following partial preference lists by taking the permutation r to be the 
identity permutation. 

For Ci G Rep{a), (4) 
A^m^. : a„m,^.bp^m.^. , < m < Pi — 1, 

C^{m-l)e^ : C^(m-i)e,a<^™e, , < m < - 1, 

-Bcr'^e, : i>T{n)i>T{n-i) " " " &T(i)«cr'"e,Co-™ei , < m < — 2, and 

The rest of our analysis will use the partial preference lists ([3]) and (jl]). We will not make 
any assumptions about the permutation r even though, for the purposes of this section, 
we could assume that it is the identity permutation. 

We will find the male-optimal and female-optimal stable matchings using the Gale- 
Shapley algorithm. Recall that the order in which the men proposes does not matter and 
any order always leads to the male-optimal matching (provided a man proposes to the 
highest-ranked woman (on his preference list) who hasn't yet rejected him). Therefore, we 
may suppose the men propose in the order {Ai, . . . , An, Ci, . . . , C„, -Br(n), • • • , -Bt(i)}- 

For 1 < i < n, men A^ and Ci are paired up with their first choices, women and Cj 
respectively, as each of these women will receive exactly one proposal during the algorithm. 
Man -Br{n) is paired with his first choice, woman br{n)- Man proposes to woman 

and gets rejected as woman prefers man -B^(„) over B^(^n-i). Man B^-^n-i) then 
proposes to woman &T-(n--i) and gets accepted. In this manner, man -Br{j)'s proposals to 
women &r{n)5 &T{n-i)5 ■ " " ! ^r(i+i) are all rejected as woman ferO), + 1 < j < prefers 
man -BtQ) over man -Br(j)- Hence, -Br(i) is paired up with woman hr{i) for 1 < i < n. 
Therefore, the male-optimal matching matches men Ai, Ci and Bi with women a^, q and 
hi for 1 < i <n. 

We find the female-optimal matching by reversing the roles of men and women. In 
other words, women make proposals and men accept or reject them. Suppose the women 
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propose in the order {61, . . . , 6„, ci, . . . , c„, a^n, ■ ■ ■ , Oo-i}- Women 6, and q are paired up 
with their first choices, namely, men Ap-i^ and B^. Woman a„n is paired with her first 
choice, namely, man C„. Woman ao-(„-i) proposes to man C„ and gets rejected as man 
Cn prefers woman a^n over ao-(n-i)- Woman aa(n-i} then proposes to man Cn-i and gets 
accepted. In this manner, woman Co-i's proposals to men Cn, C„-i, • • • , Q+i are all rejected 
as man Cj, i + 1 < j < n, prefers woman a^j over woman Ua-i- Hence, aa-i is paired up with 
man Cj for 1 < i < n. Therefore, the female-optimal matching matches women bi,Ci and 
tti with men Ap-i^, and C^-ij,, respectively, for 1 < i < n. 

As is always the case, as we move from the male-optimal to the female-optimal matching 
(by performing a sequence of rotations), the men go down their preference lists starting 
from their male-optimal matching partner (their best possible partner) and ending at their 
female-optimal matching partner (their worst possible partner) while the women go up their 
preference lists starting from their male-optimal matching partner (their worst) and ending 
at their female-optimal matching partner (their best). Hence, a man will never be paired 
with a woman who appears either ahead of his male-optimal matching partner or after his 
female-optimal matching partner on his preference list. Similarly, in any stable matching 
a woman will never be paired with a man who appears either ahead of her female-optimal 
matching partner or after her male-optimal matching partner on her preference list. Hence, 
the only part of a man's preference list that we need to consider is the sub-list that starts 
at the male-optimal matching partner and ends at the female-optimal matching partner. 
Similarly, for the women we need to consider the sub-list starting at the female-optimal 
matching partner and ending at the male-optimal matching partner. These sub-lists are 
typically referred to as their truncated preference lists, and these are as follows: 



For Ci G Rep{a) , < m < pi — 1 , I < j < n. 













br{j)br{j-l) ■ ■ ■ br(l)ar{j)Cr(j) , T^j) ^ 




bT{j)K{j~l) ■ ■ ■ br{l)ar(j)Ca-WU)(^CT~W{j) 




CaT{j)aaT{j)CT{j) , r{j) = a^'~^ei 



For fi e Rep{p) , 

bpmf. : Ap{m-i)f^Bpmf. , < m < - 1 

Cpmj. : Bpmf.Cpmf. , < 771 < — 1 

ttprnj^ : Ccr-T-(pmf.)Ccr~l(pmf--)_l---ClBpmf.Apmf. , < 171 < Qi — 2 

Bpi.qi-1) f^Ap(qi-2) f^Bp(ci-2) f.--- Bp2f.Apf.Bpf A f^BfApi^i-i) f.. 
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4.3 Extracting rotations 



We first observe that the male-optimal matching and female-optimal matching partners are 
different for every person. This imphes that each man is involved in at least one rotation 
and, hence, every man has a well-defined suitor with respect to the male-optimal stable 
matching. Also, every man has at least two stable partners. The truncated preference 
lists of men Ai and Cj, 1 < i < n, are of length two each. Hence, men Ai and Cj are 
each involved in exactly one rotation. Their suitors in the male-optimal matching Aio are 
SMoi^i) = bpi and SMoiCi) = ^ai, respectively 

Note: Throughout this section we use A4o to denote the male-optimal stable matching. 

Lemma 8 In a stable matching M., if Ai is paired with a^, then SM{^i) = bpi = SMoi^i)- 

Proof: The truncated preference lists of man A^ and woman bpi are Uibpi and AiBpi, 
respectively. Since bpi is paired with Bpi in the male-optimal stable matching ^Ao, the 
spouse of bpi in is a man M* E {Ai, Bpi}. Since Ai is paired with in A^, bpi is paired 
with Bpi. Hence, bpi prefers Ai over her partner in A4. This, in turn, implies that the 
suitor of Ai in Ai, SMi^i), is bpi. □ 

Lemma 9 In a stable matching M., if Ci is paired with Ci, then Sj^iCi) = a„i = SMo{Ci). 

Proof: The truncated preference hst of man Ci is QOo-i. The truncated preference hst 
of woman Un-i is either 



We note that the truncated list of a^i starts with Cj. In Aio, a^i is paired up with A^ri- 
This implies that in the current stable matching M., a^j is paired with a man M* who is 
as high as A„i on her preference list. As Cj is paired up with c, in A^, M* ^ Ci. Hence, 
in the current stable matching Ai, a^i prefers Ci over M* . This, in turn, implies that 



Next we prove that SMo{Bi) = ai. 
Lemma 10 The suitor of man B^-^i-^ in M.q is SMoiBrii)) = drii)- 

Proof: The truncated preference list of man Br(i) depends on the position of his sub- 
script in the p-cycle. But we note that the initial part of the truncated preference list of 
is br(i)br(i-i) ■ ■ ■ &T(i)'^r(i) fo^' i. Sincc our arguments only require the initial part of 
the truncated preference list, we do not have to consider separate cases. The spouse of ^^-(j) 
in Afo is sp_\4g{BT-(i)) = br(i). Suppose the suitor of is ^^^^(^^-(j)) = for some j, 
1 < J < ^- This would imply that br(j) prefers Br^i) over ^tO)- But the initial part of 6rO)'s 



CiCi-i ■ ■ ■ CiBfjiAfji 
or CiCi-i ■ ■ ■ CiBcriAp-i^iBp-i^i ■ ■ 




SMi^i) — tta-i. 



□ 
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preference list is Ap-i^-fj^BT-Q) ■ ■ ■ . Hence, brQ) prefers BtQ) over Br(i). This contradicts the 
assumption that SMo{BT{i)) — Kij)- This would imply that SMoiBrii)) 7^ Wu) ior every 
j < i. Since ar(i) is paired up with ^^-(j) in the male-optimal matching A4q and ar{i) prefers 

Br{i) over Ar({), Smo{Bt{i)) = aril)- □ 

The next two lemmas give the suitor of in stable matchings which satisfy certain 
conditions. 

Lemma 11 In a stable matching M., if Ck is paired with Ck for 1 < k < n and Br{i) is 
paired with br[i), then SM{Br{i)) = Qr© = SMo{Br[i))- 

Proof: The initial part of the truncated preference list of man -B^(j) is 6r(i)^r(j-i) ' ' ' ^t(i) 
ar{i). The spouse of in Jvl is spM^B^^i^) = bT[i). Suppose the suitor of ^^-(j) is 
SM{BT-(i)) = br(j) for some j, 1 < j < i. This would imply that bry) prefers over 
As the initial part of &r(j)'s preference list is Ap-i^Q)S^(j) • • • and br(j) is paired with 
in the male-optimal stable matching, the partner of 6^0) in the current matching 
Ai would be a man M* who is as high as -BrO) on her preference list. Since prefers 
Bt-q) over BT-(i), br(j) would prefer M* over i?T-(j). This contradicts the assumption that 
S'_A4(-Br(i)) = K{j)- This would entail that S'_A/i(i?^(i)) ^ br(j) for every j < i. 

Next we will show that SM{Br(i)) = ar{i)- In the male-optimal stable matching A4o, 
ar{i) is paired up with ^r(i)- This implies that in the current stable matching 0^(1) is 
paired with a man Af* who is as high as Ar(i) on her preference list, i.e. spx(ar(i)) — M*. 
We note that aT-(j)'s truncated preference list is either 

C<T-i(T(i))C(T-i(r(i))-l • • • C'l-Br(i)^r(i) 

or C^-l(r(i))C'^-l(T(i))-l ■ ■ ■ C'l-Br(j)^p-l(r(i))-Bp-l(T(i)) " " " ^pT(i) -^/3T(i) ^T(i) • 

The initial part of ar(i)'s truncated list is Co-i(^(j))Co-i(T-(j))_i • ■ ■Cii?^(j). As Cfc is paired 
up with Cfc for 1 < A: < n, and is paired up with ^^(j) in the current matching Ai, 

M* ^ {C'o--i(T-(i)), C'o--i(T-(i))_i, • • • Ci, ^^-(j)}. Hence, in the current matching A4, aT[i) prefers 
over her partner M*. This, in turn, implies that SM{Br{i)) — CLrii)- D 

Lemma 12 In a stable matching Ai, if, for all k, woman is paired with man M^, 
who is at least as high as Bk on her preference list, and if Br{i) is paired with ar(i), then 
SMiBrii)) = Cr(i) = spMt{Br(i)) , whcrc Ait is the female- optimal stable matching. 

Proof: We will consider two cases depending on the preference list of ^^(j) . 
Case (i) The truncated preference hst of man is 

^r(i)^r(i-l) • • • K{l)0'T{i)CT{i)- 

As the truncated preference list of woman CT-(j) is BT-{i)Cr{i) and the spouse of Cr{i) in the 
male-optimal stable matching is Cr(i), spM{cT{i)) G {-Br(i), C'r(i)}- As the spouse of Br{i) in 



25 



is ar{i) (by assumption), spM{cr{i)) = Cr{i). Hence, Cr{i) prefers Br{i) over her partner 
in M.. Therefore, the suitor of in M., SMiBr^i)) = Cr{i). 

Case (ii) The truncated preference hst of man -Br(j) is 

■ ■ ■ K{l)0,T{i)Ca~^{T{i))0'a-^{T(i)) ■ ■ ■ CaT{{)0,aT{{)Cr{i)- 

As the spouse of -Br(i)- is ar(i) (by assumption), and Cr{i) is the partner of -B^(j) in 

the female-optimal stable matching, SM{Br{i)) e {c„-i(r(i))> «<T-i(T{i)), • • ■CaT{i),aaT{i),Cr{i)}. 

Suppose SM{Br[i)) = Co.fc(^(j)) 7^ Cr{i)- As the initial part of the preference list of woman 
Co-fc(T(j)) is -Scr'={r(i))C'o-'=(T(j))) "we scc that Co.fc(^(j)) prefers C^k(^^(^i^-j over -BT-(i)- As the spouse 
of Co-fc(r(j)) in the male-optimal stable matching is Co-fc(^(j)), then spM{Cai'{T{i))) = ^* is at 
least as high as Co.fc(^(j)) on her preference list. Hence, c^k^^^^^^-^ prefers her partner in Ai 
over B^-^i). Therefore, SMiB^-i^i-^) = Co-fc(T-(j))(7^ Cr(i)) is not possible. 

Suppose SM^BT-i^i-^) = a^k(^(^i'j) 7^ a.T(i)- The initial part of the truncated preference list 
of woman ci(jfe(T-(j)) is Co-'=-i(T(i))C'o-'=-i(T(i))-i " " ■ C*i-B(Tfc(r(j))- As the partner of ao-fc(r(i)) in the 
stable matching is at least as high as -Bo-fc(r(j)); we have 

Hence, a^fc(^(j)) prefers M* over -BT-(j). Therefore, SM{BT(i)) = o,a''{T{i)){¥' '3-r(j)) is not 
possible. 

Now we will show that SM{BT-(^i-)) = c^-i^iy As the truncated preference list of woman Cr{i) 
is Br{i)Cr{i) and the spouse of Cr{i) in the male-optimal stable matching is Cr{i), spM{cr{i)) G 
{Br(i),Cr{i)}- As the spouse of Br{i) in A4 is ar(j), sp;n(cT-(j)) = CT-(j). Hence, Cr{i) prefers 
Br{i) over her partner in JH. Therefore, the suitor of Br{{) in JH, SM{Br(i)) = Cr{i). □ 

We will later observe that a stable matching obtained after performing a set of p- 
rotations satisfies conditions laid out in Lemmas [8] and [TTl Hence, the above lemmas help 
in establishing the suitors of A-men and 5-men in the stable matchings obtained after 
performing p-rotations. 

We note that the Find- All-Rotations algorithm obtains all the rotations of the in- 
stance irrespective of whatever ordering of the men we use in that procedure (to initialize 
the first proposal to his suitor). We order the men as follows: {Ai, ■ ■ ■ , An, Ci, • • • , C„, Bi, 
■ ■ ■ ,Bn}- In the male-optimal matching A4o, Ai is paired with ai. Find- All-Rotations 
starts with man Ai whose suitor is bpi. The sequence in that algorithm starts with the 
pair (y4i, ai). As bpi is the suitor of Ai, the next pair in the sequence is {spMo{bpi), hpi) = 
{Bpi,bpi). With api being the suitor of Bpi, the next pair is (5^X0(0^1), a^i) = {Api,api). 
The pair {Api,api) results in {Bp2i,bp2i). In this manner, we grow the sequence {Ai,ai), 
{Bpi, bpi), {Api, api), {Bp2, bp2), - ■ ■ . As the suitor of Ai is bpi and that of Bi is ai, we 
observe that the sequence alternates between A-men and i?-men. We also note that the 
pair {Ai,ai) results in the pair {Api, api) and the pair {Bpi, bpi) results in {Bp2i,ap2i). In 
other words, the subscripts of the A-men and the 5-men involved in the above sequence 
are from a p-cycle, in particular, the p-cycle containing 1. Suppose the p-cycle containing 
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1 is of size pi, that is, the p-cycle containing 1 is (1, 2, . . . ,pi). Then the sequence we end 
up with is 

{{Ai, oi), {Bpi, bpi), {Api, Opi), ■ ■ • , {BpPi-ii, bpPi-ii), (App^-ii, a^pi-ii), {BpPn, bppn)} 
= {(v4i,ai), (52,62), (^2,^2), ■ ■ ■ , (5p^,6pi), (Ap^,apJ, 

using that (-BpPu, &pPii) = (-Bi, &i). Lemma [TT] tells us this ends the sequence in the Find- 
All-Rotations algorithm, and we have therefore found a rotation. 

(Note: If we start with any Ai or Bi, with i G (1, 2, . . . ,pi), we will discover the same 
rotation, as the resulting sequence we find is a cyclic shift of the one given above.) 

After applying the above p- rotation, Ai is paired with bpi (for 1 < i < pi), his partner 
in the female-optimal matching. Hence, in this new stable matching the men Ai, . . . , Ap^ 
do not have suitors and will therefore not participate in future rotations. We also note 
that the only men who changed their partners in the above rotation were A-men and B- 
men with subscripts in the p-cycle containing 1. Hence, Ck is still paired up with Ck for 
1 < k < n, and Ai and Bi are paired up with and bi, respectively, when the subscript i 
does not belong to the p-cycle containing 1. 

Let Ail denote this new matching after applying this first p-cycle we have discovered. 
We note that M.i satisfies the conditions laid out in Lemmas [H] and [H] which, in turn, 
tells us that SmAAi) = bpi and SMi{Bi) = ai for i ^ {1,2, ■ ■ ■ ,pi}. Find-All-Rotations 
then picks the next man who has a well-defined suitor, namely Api+i, whose suitor is 
Smi{Apj^+i) = 6p(pi+i), and constructs the next rotation. From the above exercise of 
constructing a rotation corresponding to a p-cycle, it is clear that the rotation containing 
man Ap^+i will be a p- rotation involving A-men and B-men whose subscripts belong to the 
p-cycle that contains Pi + 1. Proceeding in this manner, we obtain all rotations (p-rotations) 
involving men Ai, 1 < i < n. 

Every Bi will participate in exactly one p-rotation as every z G [n], belongs to exactly 
one cycle of the permutation p. After applying all the p-rotations, we will obtain a stable 
matching, say M', in which the spouses of men Ai, Bi and Cj and Ci, respectively. 

As was observed before, all the A-men are paired up with their partners from the female- 
optimal stable matching. Thus, none of the A-men will participate in any of the future 
rotations. As was also noted, the C-men each participate in exactly one rotation and the 
suitor of Ci, 1 < i < n, is a^i as long as Ci is paired with q in the stable matching. From 
Lemma [T2| it follows that the suitor of Bi in A^' is Cj. All of the B-men and C-men have 
well-defined suitors. 

The next man picked by Find- All- Rotations is Ci whose suitor is aai- The se- 
quence starts with the pair (Cj,Cj). As a^i is the suitor of Ci, the next pair in the 
sequence is {spM'{0'm),(^ai) = {,B„i,acri). Similarly, as the suitor of Bfji is Cai, the next 
pair in the sequence is (sp_M'(co-i), Co-j) = {Cryi,c„i). Continuing from {C„i,c^i), we get 
the pair {B„2i,a„2i). Proceeding in this manner, we generate the rotation. We note 
that the suitor of Bi is Cj and that of Ci is a^i thereby forcing us to alternate be- 
tween C-men and B-men. We also note that the pair {Ci, q) eventually results in the 
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pair (Co-i,Ccrj and {Bai,aai) resulted in the pair {B^2i,a^2j). In other words, the sub- 
scripts of the C-men and the S-men in the rotation are governed by a cr-cycle, in par- 
ticular, the a cycle containing 1. Suppose the cx-cycle containing 1 is of size qi, that 
is, the (j-cycle containing 1 is (1, al, . . . , cr''^~^l). Then the rotation we end up with is 

{{Cl, Cl), (-Bcrl, CLal), (C*(t1, Cq-i), " " " , {B^gi-ll, tt^qi^ll), {C„qi-ll, C^qi-ll), {B„qil, 00-911)}, 

where {B„qii,a^qii) = (i?i,ai). 

After performing the above a-rotation, for < A; < gi — 1, Co-'=i) is paired with a^-fc+ii, 
his partner in the female-optimal matching. Hence, men Ci, ■ ■ ■ ,Co.gi-ii no longer have 
suitors and will not participate in any future rotations. We note that the only men who 
changed their partners in the above rotation were C-men and i?-men with subscripts in 
the cr-cycle containing 1. Hence, Ak is still paired with bpk for k E [n], and Ci and Bi are 
paired up with q and Oj, respectively, when the subscript i does not belong to the cr-cycle 
containing 1. 

Let A4[ denote the new matching after applying this cr-rotation. We note that Ai[ 
satisfies the conditions laid out in Lemmas P and [T^ which, in turn, entails that Sjii'^{Ci) = 
ttai and SM[{Bi) = Ci for i ^ {l,crl,--- , cr'^^^-'^l}. Find-All-Rotations picks the next 
man who has a well-defined suitor, say Cj^, where 

ii = min{z : Ci is paired with Cj in Ai[ and 1 < i < n}, 

and constructs a new rotation. The suitor of Cj^ is 5*;^' (Cj J = ao-j^. From the above 
exercise of constructing a rotation corresponding to a cr-cycle, it is clear that the rotation 
containing man Cj^ will be a cr-rotation involving C-men and S-men whose subscripts 
belong to the cr-cycle containing ii. Proceeding in this manner, we obtain all cr- rotations 
involving men Ci, 1 < i < n. Each Bi will participate in exactly one cr-rotation, as every 
i G [n] belongs to exactly one cycle of the permutation a. 

After applying all the cr-rotations, we have a stable matching, say A4", in which the 
spouses of men Ai, Bi and C, and Ocri, respectively. All the men are paired up 

with their partners from the female-optimal stable matching. Hence, Ai" = Ait where Ait 
is the female-optimal stable matching. Therefore we do not have any further rotations to 
extract. Hence, the only rotations in the rotation poset of the stable matching instance 
are the rotations governed by the p- and cr-cycles, namely p-rotations and cr-rotations. 
Therefore, the only stable pairs of the instance are (y4j,aj), (y4j,6pj), (i?j,aj), 
(5i,Cj), (Ci,Ci), and {Ci,a^i) for i e [n]. 

We still have to prove that the p-rotations correspond to vertices in Vi and the cr- 
rotations correspond to vertices in V2. We prove this fact in the next section. 

4.4 Ordering rotations 

In this section, we compare rotations using the explicitly precedes relation as in Defini- 
tion [321 
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Recalling Definition 13. 5[ it follows that a man-woman pair (M, w) can be eliminated if 
and only if there exist stable pairs {Mi,w) and {M2,w) such that w prefers Mi over M 
and M appears as high as M2 on w's preference list. In other words, a man- woman pair 
(M, w) can be eliminated if and only if M appears on the truncated preference list of w 
and is not the partner of w in the female-optimal stable matching. This identifies all the 
man-woman pairs eliminated by rotations of the instance. 

Recall from the previous section that the only stable pairs of the matching instance are 
{Ai, tti), {Ai, bpi), {Bi, hi), {Bi, ai), {Bi, q), {Q, q), (Cj, a^i) for i e [n]. Of these stable pairs, 
{Ai,bpi), {Bi,Ci), and (Ci,ao-j) are pairs in the female-optimal stable matching. Hence, the 
only stable pairs that are eliminated by rotations are {Ai,ai), {Bi,bi), {Bi,ai) and (Ci,Cj) 
for i E [n]. We list all the eliminated pairs below and highlight those that are stable. 

For fi G Rep{p) , 

6pm : Bpmf. , < m < gi - 1 

Cpm : Cpmf. , <m <qi-l 

apmf. : Co-l(pmJ_l) ■ ■ ■ ClBpmf. Apmf. , < 171 < Qi — 2 

«pK''>/. • '^<T-l(p('''-^V-l) ■ ■ ■C''^-llBp(qi-l)fi^p(9»-2)/^ 5^(9.-2)/^ ■ ■ ■ Bp2 fApf^Bpf^A^(^,-l)f, 

In Definition 13. 6[ rotation R eliminates pair (M, w) and rotation R' moves man M to 
woman w' such that M prefers w over w'. Hence, woman w and man M belong to rotations 
R and R', respectively. 

Lemma 13 Suppose R' is a p-rotation. Then there does not exist a rotation R which 
explicitly precedes R' . Therefore, every p-rotation is a minimal element of the rotation 
poset. 

Proof: Suppose there exists a rotation R which explicitly precedes 

= {(Bj, bj), {Aj, aj), {Bj+i, (Aj+i, flj+i)) ■ ■ ■ ) (-Bj+q-i, bj+g-i), (Aj+q_i, aj+q_i)}. 
We consider two cases - (I) i? is a p-rotation, (II) i? is a cr-rotation. 
Case (I) Suppose i? is a p-rotation where 

R={iBi,b,),{A,a,),{Bi+ 

+p— 1) 6j+p— 1 

), (Ai+p_i,ai+p_i)}. 

The p-cycles corresponding to rotations R and R' are {i,i + 1, . . . ,i + p — 1) and (j, j -|- 
1, . . . , j + g — 1). Since any two p-cycles are disjoint, the corresponding p-rotations are 
disjoint, i.e. p-rotations R and R' do not share either a man or a woman. Since R explicitly 
precedes R', there exists a man-woman pair (M, w) with M belonging to rotation R' and 
w belonging to rotation R such that R eliminates the pair (M, w) and R' moves M to a 
woman w' below w on his list. In other words, there exist 

a man M e {Bj, Bj+i, Bj+^^i, Aj, Aj+i, Aj+^^i}, and 
a woman w G {k, k+i, • ■ ■ , 6i+p_i, Oi, a^+i, • ■ ■ , ai+p_i} 
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satisfying the above property. We consider a set of sub-cases, depending upon possible 
values of M and w. 

Subcase (I-a) {M,w) G {{Bx,by), {Ax,by)}. We note that x y, and x and y arc from 
different p-cycles. From the table of eliminated pairs, we note that the set of eliminated 
pairs involving woman by is {{By, by)}. Hence, {M,w) ^ {B^.by) and {M,w) ^ {Aj.,by). 

Subcase (1-b) (M, w) = {Ax,ay). We again note that x ^ y, and x and y are from 
different p-cycles. We also note that woman ay could have one of two possible preference 
lists which is reflected in the table of eliminated pairs. After performing rotation R, woman 
Qy is paired up with By. Hence, the set of pairs eliminated by rotation R involving woman 
tty could be either 

S^{{Ay,ay)} or 

T — {[Ap-ly, Qy), [Bp-ly, Qy), . . . , {Apy, tty) , {B py , Qy) , {Ay, dy)}. 

Since we are only interested in eliminated pairs that involve an A-man, we consider sub- 
sets of S and T containing A-men which are {{Ay, ay)} and {{Ap-iy, ay), {Ap-2y, ay), ■ ■ ■ , 
{Apy,ay),{Ay,ay)}, respcctivcly. We note that every element of {p~^y, p~'^y, • ■ ■ ,py,y} 
belongs to the p-cycle containing y. Since x ^ y and x and y are from different p-cycles, 
{Aa:, ay) ^ {{Ay, ay)} and {A^, ay) ^ {(^^-i^, ay), {Ap-2y, ay),..., {Apy, ay), {Ay, ay)}. Hence, 
{M,w) ^ {A^,ay). 

Subcase (1-c) {M,w) = {B^.ay). As before, x ^ y and x, and y are from different 
p-cycles. From the table of eliminated pairs, we note that the set of eliminated pairs 
involving woman ay could be either 

S = {{Ay, ay)} or 

T = {{Ap-iy, ay), {Bp-ly, ay), . . . , {Apy, ay), {Bpy, ay), {Ay, ay)}. 
Since we are only interested in eliminated pairs that involve a B-man, we consider subsets of 

S and T containing B-raen which are and {{By, ay), {Bp -ly, (ly) , {Bp-'2y, ay), . . . , {Bpy, tty)}, 

respectively. We note that every element of {y, p^^y, p^'^y, ■ ■ • , py} belongs to the p-cycle 
containing y. Since x ^ y and x and y are from different p-cycles, 

{B^, ay) ^ {{By, ay), {Bp-ly, ay), {Bp-2y, ay),-- - , {Bpy, ay)} 

and {Bx,ay) ^ (vacuously). Hence, {M,w) ^ {Bx,ay). 

Therefore, if R exphcitly precedes R! , then R is not a p-rotation. 
Case (II) Suppose i? is a u-rotation where 

R — {{Bi, cii), {Ci, Cj), {Bfji, a^ri), {C^i, Cfji), . . . , {B^p-i^, a^p-ij), {C^p-i^, c^p-ii)}. 

The (7- and p-cycles corresponding to rotations R and R' are (Ti — {i,ai, . . . , a^'^i) and 
Pi = (i, J + 1- • • • • j + 5' — 1), respectively. Since R explicitly precedes R', there exists a 
man-woman pair {M, w) with M belonging to rotation R' and w belonging to rotation R 
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such that R ehminates the pair (M, w) and R' moves M to a woman w' below w on his 
hst. In other words, there exist a man M G {Bj, -Bj+i, • • . , -Bj+g_i, Aj, Aj+i, • • • , Aj^g^i} 
and a woman w G {a^, ao-j, . . . , ao-p-ij, Q, Co-j, . . . , Co-p-ij} satisfying the above property. Once 
again, there are a set of sub-cases to consider. 

Subcase (Il-a) (M, w) G {{B^, Cy), {A^, Cy)}. From the table of eliminated pairs, we note 
that the set of eliminated pairs involving woman Cy is {{Cy, Cy)}. Hence, (M, w) ^ {B^, Cy) 
and {M,w) ^ {A^,c^. 

Subcase (Il-b) (M, w) G {(5^, a^), (A^, a^,)}. We note that after performing rotation 
i?', woman ay is paired up with By. Hence, the pair [By, ay) cannot be an eliminated pair. 
This implies that when the eliminated pair (M, w) is of the form [B^^a^, the subscript x 
cannot assume the value y. We observe that even though woman ay could have one of two 
possible preference lists, the initial part of her preference list stays the same. We note that 
before performing the rotation R woman ay is paired up with man By. After performing 
the rotation R, woman ay is paired up with C^-iy. Hence, the pairs eliminated by rotation 
R that involve woman ay are {(Co-i(j,)_i, ay), (Co-i{y)_2, ctj/), • • • , (C*i, ay), [By, a^)}. Since 

{(-Sa;, ay), (A^, Oy)} n a^, (C^-i{y)-2, • • • , (Cl, Oy), (-S)/, O'yj) = 0, 

we see {M,w) 7^ {Bx,ay) and {M,w) 7^ {Ax,ay). 

Therefore, if R explicitly precedes R' , then R cannot be a a-rotation. 

From cases (I) and (II), we conclude that a p-rotation cannot be explicitly preceded 
either by another p-rotation or a cr-rotation. Therefore, every p-rotation is a minimal 
element in the rotation poset. □ 

Lemma 14 Suppose R is a a-rotation. Then there does not exist a rotation R' such that 
R explicitly precedes R' . Therefore, every a-rotation is a maximal element of the rotation 
poset. 

Proof: 

Suppose there exists a rotation R which explicitly precedes R' . We consider two cases. 
Case (I) R' is a p-rotation. This case has been dealt with in case (II) of Lemma [T3i 
Case(II) R' is a a-rotation. Let 

R — {{Bi, aj), [Ci, Ci), (-Bcrj, 0'(Ti)i {Ca-i, Cfji), . . . , (-Bg-p-ij, flg-p-ij) (Cg-p-ii, Cg-p-ij)}, 

and 

R = {{Bj, aj), (Cj, Cj), {Bfjj, a^j), (Ca-j, c^^j), . . . , {B^q-ij, a^q-ij), [C^q-ij, c^q-ij)}. 

The cr-cycles corresponding to rotations R and R' are {i, ai, . . . , a^'^i) and (j, aj, . . . , a'^^^j). 
Since any two cr-cycles are disjoint, the corresponding a-rotations are disjoint, i.e. a- 
rotations R and R' do not share either a man or a woman. As has been observed before. 
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the implication of R explicitly preceding R' is that there exists a man-woman pair (M, w) 
with M belonging to rotation R' and w belonging to rotation R such that R eliminates 
the pair (M, w) and R' moves M to a woman w' below w on his list. In other words, there 
exist 



satisfying the above property. As the pair (M, w) has a set of possibilities, we consider a 
set of sub- cases. 

Subcase (Il-a) (M, w) G {(-B^, Cy), {Cx, Cy)}. We note that x ^ y, and x and y are from 
different cr-cycles. From the table of eliminated pairs, we note that the set of eliminated 
pairs involving woman Cy is {{Cy^Cy)}. Hence, (M, w) ^ {Bx,Cy) and {M,w) 7^ {Cx,Cy). 

Subcase (Il-b) (M, w) = {Bx, ay). As before, we note that x ^ y and x and y are from 
different a-cycles. We also note that the spouses of woman ay before and after performing 
the rotation R are By and Ccr-iy, respectively. Hence, the pairs eliminated by rotation R 
are 



As X 7^ ?/, {Bx, ay) ^ Oy), (C^-i(j^_2), ay), (C^-ii, ay), {By, ay)}. Therefore, 

{M,w) ^ {Bx,ay). 



Subcase (H-c) (M, w) = {Cx, ay). We note that x and y are from different a-cycles. We 
also note that the spouses of woman ay before and after performing the rotation R are By 
and Co-iy, respectively. Hence, the pairs eliminated by rotation R are 



Suppose {Cx, ay) e {(C<^-i(j/)_i, ay), (C^-i(y)_2, ay),..., (Ci, ay), {By, ay)}. This implies 
X G {a~^{y) — l, (7~^{y)—2, ...,!}. Recalling that the only stable pairs are {Ai, a^), {Ai, bpi), 
{Bi, hi), {Bi, ai), {Bi, Ci), {Ci, Ci), {Ci, a^-i) for z G [n], we see that {Cx, ay) is an unstable pair 
as X 7^ cr^^y. Therefore, every pair of the form {Cx, ay) that rotation R eliminates is an 
unstable pair. Since R explicitly precedes R' and the pairs of the form {Cx, ay) eliminated 
by R are unstable, rotation R' has to move some Cx below ay on his list. The initial part 
of the preference list of Cx is Cxa^jx for all a; G {1, 2, ■ ■ ■ , n}. In other words, Cx has a^x 
above ay for all y 7^ ax. After performing rotation R', Cx moves from Cx to a^x for every 
X G {j, aj, ■ ■ ■ , a'^^^j}. Therefore, rotation R! does not take Cx below ay on his preference 
list for X G {j, aj, ■ ■ ■ , a'^^^j}. Therefore, (M, w) 7^ {Cx, ay). 

Putting together cases (I) and (II), we conclude that if is a cr- rotation, then it cannot 
explicitly precede any rotation R' . This, in turn, implies that every cr-rotation is a maximal 
element in the rotation poset. □ 

From Lemmas [12] and [m it follows that the rotation poset of our constructed matching 
instance is of height at most 1. 



a man M G {Bj,B, 
a woman w G {ai,ao-i 



'a-j, ■ ■ ■ , Bfjq-ij, Cj, Cfjj, . . . , Cijq-ij} and 
i, . . . , a^-p-T-i, Ci, Cfji, . . . , Cfyp—ii} 



{{Ca-^{y)-l, 0.y), {Ca-^{y)-2, O-y), . . . , {Ci, ay), {By, ay)}. 



{(Ccr-i(j;)-i, ay), (Co-i(y)_2, ay), . . . , {Ci, ay), {By, ay)}. 
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Lemma 15 Suppose R is a p-rotation and R' is a a-rotation. Then R explicitly precedes 
R' if and only if R and R' have a common man. In other words, the p and a-cycles 
corresponding to R and R! , respectively, have an element in common. 



Proof: 



Let 



R — {{Bi, hi), {Ai, Ui), {Bi+i, (A+i, Oj+i), . . . , bi+p-i), ai+p_i)} 



and 



R — {{Bj, Clj), {Cj, Cj), {B^j, a^j), {C(jji '^aj): ■ ■ ■ 1 (-^CT^-ij) '^ai-^j): {^at-'^ji ^iri-'^j)}- 



Suppose R and R' do not have a common man, i.e. 



{Bi, -Bi+i, . . . , n {Bj, Baj, . . . , B^q-ij} — 0. 



This, in turn, entails that pi n cxi = where pi = {i,i + 1, . . . ,i + p — 1} and cti = 
{j, aj, . . . , a'^~^j}. As has been observed before, the imphcation of R exphcitly preceding 
R' is that there exists a man- woman pair (M, w) with M belonging to rotation R' and 
w belonging to rotation R such that R eliminates the pair (M, w) and R' moves M to a 
woman w' below w on his list. In other words, there exist 



satisfying the above property. We consider a set of sub-cases. 

Case (1) {M,w) G {{Bx,by), {Cx,by)}. We note that a; 7^ y as pi fl (Xi = and x G (Ti 
and y E pi. From the table of eliminated pairs, we note that the set of eliminated pairs 
involving woman by is {{By, by)}. Hence, (M, w) ^ {{B^, by), {C^, by)}. 

Case (II) (M, w) G {{B^, ay), {Cx, ay)}- We note that ay could have one of two possible 
preference lists which is reflected in the table of eliminated pairs. 

The spouses of ay before and after performing the rotation it! are Ay and By, respec- 
tively. Hence, the set of pairs eliminated by rotation R involving woman ay could be either 
S = {{Ay, ay)} or T = {{Ap-iy,ay),{B^-iy,ay), . . . ,{A^y,ay),{Bpy,ay),{Ay,ay)}. Since 
none of the eliminated pairs involve a C-man, (M, w) ^ {C^, ay). 

With {Cx, ay) eliminated from being a possible candidate, we are only interested in 
eliminated pairs that involve a B-man. We consider subsets of S and T containing B-men 
which are and {(Sp-ij,, ay), {Bp-2y, ay), . . . , {Bpy, ay)}, respectively. We note that every 
element of pi = {p^^y, p^'^y, ■ ■ ■ , py, y} = {i,i + 1, - ■ ■ ,i + p — 1} belongs to the p-cycle 
containing y. As ai and pi do not have an clement in common, x ^ y and x does not belong 
to the p-cycle containing y. Therefore, {Bx, ay) ^ {{Bp-iy, ay), {Bp-2y, ay), . . . , {Bpy, ay)}. 
Hence, {M,w) 7^ {Bx,ay). 



a man M G {Bj, Bfjj, . . . , B^q-ij, 
a woman w G {bi, . . . , a 




33 



From cases (I) and (II), it follows that if R and R' do not share a common man, then 
there does not exist a man-woman pair (M, w) such that R eliminates (M, w) and R' moves 
M to w' below w. Hence, R does not explicitly precede R! . 

Suppose rotations R and R' have a common man. In other words, 

{-Sj, -Bj+i, . . • , -Bj+p-i} n {-Bj, . . . , 7^ 0. 

This, in turn, entails that pi fl ai 7^ where pi = {i, i + 1, . . . , z + p — 1} and ai = 
{j, crj, . . . , cr'^^^j}. We also note that a p-cycle and a cr-cycle can have at most one element 
in common. Therefore, {5^, 5^+1, . . . , Bi+p_i} n {5^-, B^j,-- ■ , B^g-ij} = {Bi}, say. 

As has been observed before, in order to establish that R explicitly precedes R', it 
is enough to produce a man- woman pair (M, w) with M belonging to rotation R' and w 
belonging to rotation R such that R eliminates the pair (M, w) and i?' moves M to a woman 
w' below w on his list. In other words, it is enough to show that there exist a man M G 
{Bj, B^j, . . . , B^q-ij, Cj, Caj, . . . , Cai~ij} and a woman w G fei+i, . . . , k+p-i, ai, a^+i . . . , 
ai+p_i} satisfying the above property. We show that the pair {Bi,bi) is the required pair. 

Since Bi participates in the rotation R, the spouses of Bi before and after the rotation 
R are 6/ and ai, respectively. Hence, the pair {Bi, bi) is eliminated by R, and R moves Bi to 
a;, which is below hi. Since Bi belongs to i?', the spouses of Bi before and after performing 
the rotation R' are a/ and q, respectively. Hence, R' moves Bi to q which is below a/. This 
entails that rotation R' moves Bi to q which is below hi on his preference list. Therefore, 
R eliminates the pair {Bi,hi) and R' moves Bi to the woman q who is below ai on Bi's 
preference list. This implies that R explicitly precedes R'. 

Hence, it follows that if R and R' share a man, then R explicitly precedes R'. This 
proves the lemma. □ 

From Lemma [TBI it follows that the rotation poset has an edge from a p-rotation to a 
(j-rotation (i.e. p < a in the ordering of the rotations) if and only if the rotations share a 
common man. Hence, the rotation poset has height 1. In other words, the rotation poset 
has an edge between two vertices if and only if the cycles corresponding to the vertices 
have an element in common. The edges of the bipartite graph, which was introduced early 
on, were defined in a similar fashion. Hence, the rotation poset when considered as a graph 
is isomorphic to a bipartite graph. 

5 The 1-attribute case 

In this section we concentrate our attention to the 1-attribute model. This case is very 
special and we establish the following result. 

Theorem 2 7^S'M(1— attribute) is solvable in polynomial time. 

Theorem [2] is obtained as a corollary of the following theorem. 
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Theorem 16 In the 1-attribute model, the rotation poset of a stable matching instance is 
(isomorphic to) a path. 

Theorem [2] follows as it is straightforward to count the downsets of a path. We establish 
Theorem [16] through a series of lemmas. 

First, we observe that in the 1-attribute model the men have only two possible prefer- 
ence lists for the women. The two preference lists are such that one is reverse of the other. 
Similarly, the women have only two possible preference lists, one being the reverse of the 
other. 

We start by establishing that every rotation in the 1-attribute model is of even size. In 
other words, every rotation involves an even number of men. 

Lemma 17 In the 1-attribute model, every rotation is of even size, and the preference lists 
of the men (and, similarly, the women) involved in the rotation alternate. 

Proof: We establish the statement by showing that two consecutive men in a rotation 
cannot both have the same preference list. Then, since there are only two possible pref- 
erence lists and the preference lists of any two consecutive men have to be different, we 
conclude that the number of men involved in the rotation has to be even. 

Suppose we have a rotation R of size k. Without loss of generality (by relabeling), 
we assume this rotation is {Bq, bo), {Bi, bi), . . . , (-Bfc-i, Each man Bi is married to 

woman bi (in Mi) before the rotation, and to woman (mod k) (in M2) after the rotation 
as shown in the table below. 



Men 


(before R) 


(after R) 




Ml 


M2 


Bo 


ho 


h 


Bi 


h 


b2 


Bi 


bi 


bi+1 


Bi+i 


bi+i 


bi+2 


Bk-2 


bk-2 


bk~i 


Bk-i 


bk-i 


bo 



Before we proceed, we note that all subscripts that follow are computed mod k. 

To establish our result it is enough to show that two consecutive men in a rotation 
cannot both have the same preference lists. 

So, suppose to the contrary that men Bi and -Bj+i have the same preference list. Re- 
calling that the rotation is female-improving, the preference list of Bi and -Bj+i are shown 
below. 
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B^ 1 ■ 


■■ bi ■ 


■ bi+i 




■ ■ bi+i ■ 


■ bi+2 



Since Bi and i^j+i have the same preference hsts, 6j comes ahead of bi+i on -B^+i's 
preference hst as shown below. 



Bi 1 




■■ k ■ 


■ bi+i 


Bi+i 1 • 




• ■ bi+i ■ 


■ bi+2 



As Ml is a stable matching, the pair (Bi^i.bi) must not form a blocking pair to the 
stable pairs {Bi, bi) and (-Bj+i, in Mi. Since bi comes ahead of 6^+1 on -B^+i's list, Bi+i 
must appear after Bi on 6j's preference list to ensure that (Sj+i, 6j) does not form such a 
blocking pair. Therefore, the preference lists for man Sj+i and woman bi are as follows. 



Bi+i 


bi ■ ■ ■ bi+i ■ ■ ■ bi+2 


bi 




Bi-i 


Bi ■ • ■ Bi+i 


Comparing the preference lists of women b^ 


and 6j+i, 








bi \ ■ ■• Bi_i • ■ ■ 
bi+i ■■ ■ Bi 


Bi ■■■ 
Bi+i ■ ■ • 


Bi+i 




we note that they are the same. Hence, woman 


also has Bi_i 


ahead of Bi on her list 




bi \ ■■■ Bi_ 
bi+i ■ ■ ■ -Bj-i • • • B^ 


1 


Bi 
Bi+i 




Bi+i 



Because M2 is also a stable matching and -Bj-i is ahead of Bi on &i+i's preference list, 
6i_i_i must appear after bi on -Bj_i's preference list to prevent (-Bj_i,6j+i) from being a 
blocking pair in M2. Comparing the preference lists of 5j-i, Bi, and 5j+i, we note that 



Bi-i 




■ ■ bi-i . 


■ bi .. 


■ bi+i 


Bi 




■■ bi . 


■ bi+i 




Bi+i 


... bi . 


■ ■ bi+i . 


■ bi+2 





they are all the same. 

We have shown that man i?.j_i has the same preference list as men Bi and -Bj+i, and that 
women bi and 6^+1 both have the same preference list. We can now repeat the argument 
with men Sj_i and Bi to conclude that men Sj_2 and Sj_i have the same preference list 
and women &j_i and bi have the same preference list and so on. In this fashion, we can 
show that all men involved in the rotation have the same preference list and so do all the 
women involved. 
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We know that the men involved in a rotation get less happy with their partners as a 
result of applying the rotation. Since the men all have the same preference lists, the relative 
order of women bi through bk should be the same. Suppose the order is bi^jbi^,--- ,bi^,. 
After the rotation, the man married to would go down his list and the man married to 
bi,^ would go up his list which cannot both happen at the same time. Hence, we cannot 
have a rotation if some two consecutive men on the rotation have the same preference lists. 

Therefore, the preference lists of the men involved in the rotation have to alternate, 
forcing the rotation to be of even size. □ 

Lemma 18 In the 1-attribute model, every rotation is of size 2. 

Proof: Suppose we have a rotation of size 2k involving men Bq, -Bi, -62^—1 and women 
bo, bi, b2k-i where A; > 1. Every man is married to woman bi before the rotation and 
to woman (mod k) after the rotation as shown in the table below. 



Men 


Before 


After 


Bo 


bo 


bi 


Bi 


bi 


b2 


Bi 


bi 


bi+i 


Bi+i 


bi+i 


bi+2 


B2k-2 


b2k-2 


b2k-i 


B2k-\ 


^2jfc-l 


bo 



Since men Bi with i even have the same preference lists, the relative order of women 
on their lists is the same. Suppose the order is bi-^jbi^, - ■ ■ , bi^^. Since, for < i < /c — 1, 
b2i is ahead of &2i+i, it is clear that ii is even. 

Consider men Sj^_2, -Bii-i, and Bi^. Note that we are implicitly using the assumption 
that A; > 1 (otherwise there are not three distinct men). Their preference lists appear as 
follows. 



Bii-2 


••• &n •• 


' • bi^-2 ■ ■ 


■ bi^-i 


Bii-1 






bii 


Bh 




bii 





As all pairs {Bj, bj) are part of a stable matching, the pair {Bi-^_2, bi^) should not form 
a blocking pair to the stable pairs (-8^1-2, ^ii-2) and {Bi^,bi^). Since comes ahead of 
6ij_2 on Bi^_2S list, Sjj_2 should appear after Bi^ on 6j/s preference list to ensure that 
(Sj^_2,6jJ does not form a blocking pair. The preference lists for women and woman 
are as follows. 
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'h+i 



B, 



ii-2 



'11 



B, 



h+l 



Note that -Bii-2 appears ahead of Bi^ on fej^+i's hst as the hsts of bi^ and h^+i are 
reverses of each other. 

Again, all pairs {Bj,bj^i) are part of a stable matching and (i?jj_2, could form 

a blocking pair to the stable pairs (5jj_2, and Since Bi^_2 is ahead of 

on 6j^+i's preference list, has to appear after foj^-i on 5jj_2's preference list to 
prevent (i?jj_2, from becoming a blocking pair. The preference lists of i^ii-2, -Bj^-i 

and Bi^ are as follows. 



Bn-2 


\ ■■• bi^ 


• &n-2 • ■ 


• • • 




Bii-i 


• • • ^'ii+i • ■ 


• &n-i • ■ 


hi 




Bh 




bh 


■ bh+i ■ ■ 





Note that b^+i appears ahead of b^-i on B^^is list as the lists of -Bii-2 and B^^i are 
reverses of each other. 

The pair b^^i) should not form a blocking pair to the stable pairs (-Bji-i, ^n-i) 

and (Sj^+i, Since b^+i comes ahead of b^-i on B^-iS list, B^^i should appear 

after B^^i on fcj^+i's preference list to ensure that does not form a blocking 

pair. The preference lists for women b^ and woman b^+i are as follows. 



bii 
bii+i 
bh+2 



B, 



ii-l 



Bi 



Bii-2 

Bii-1 



B, 



B 



ii+l 



Bi 
B, 



ii+l 



Bii-2 



n+2 



Note that Bi-^^i appears ahead of B^j^i on 6ji+2's list as the lists of and 6^1+2 are 
reverses of each other. 

Similarly, 64^+2) must not be a blocking pair to the stable pairs and 

&j^+2). Since B^^i is ahead of B^^i on 6ii+2's preference list, 611+2 has to appear 
after b^ on Bi^^is preference list to prevent (Sj^-i, 6ji+2) from becoming a blocking pair. 
The preference lists of Bh-2, B^^i and B^ are as follows. 



Bi 



ii-2 



Bi 



ii-l 

B^ 



bh 

bh+i 
bh+2 



bh-2 

bh-i 
bi. 



bi 



ii-l 



bi 



bh+1 
bh+2 



bi 



'ii+l 



Note that 6ii+2 appears ahead of fej^ on Bi^'s list as the lists of -Bj^-i and Bi^ are reverses 
of each other. This contradicts the relative order of the women on lists of men Bj with j 
even since ftj^ should be first. 

Hence, the size of any rotation is 2. □ 
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Lemma 19 In the 1-attribute model, every man (and woman) participates in at most one 
rotation. 



Proof: Suppose man Bi participates in more than one rotation. Starting with his 
partner in the male-optimal matching, man Bi goes down his preference list with each 
rotation he participates in. Suppose 61 is the partner of Bi in the male-optimal matching, 
and 62 and 63 are partners of Bi after the first and second rotations, respectively, that 
involve Bi. Let B2 and B^ be the partners of 62 and 63 when they participate in the 
respective rotations with Bi. The preference lists of Bi, B2, B3, bi, 62, and 63 are as 
follows. 



51 


... 61 • 


•• 62 •• 


■ bs ■■■ 


B2 


••• 62 • 


•• 61 •• 




B3 




.. 53 .. 


■ b2 ■■■ 


bi 1 




• ^2 • 


■ B, ■■■ 


b2 1 


... B, ■■ 


• Si • 


■ B, 


b, 1 


... B, •• 


• B:^ ■ 





We note that B2 and B^ have the same preference lists and Bi has the reverse preference 
list. Hence, their preference lists appear as follows. 



Bi 
B2 
Bs 



bi 
b2 



b2 
bi 
bs 



bs 
b2 



bi 



Similarly, bi and 63 have the same preference lists and 62 has the reverse preference list. 
Hence, their preference lists are as follows. 



bi 
b2 
bs 



B, 



Bs 
B, 



B2 
Bi 
Bs 



Bi 
B2 



B^ 



When Bi and B2 participate in the rotation, their partners are 61 and 62 respectively. 
This implies that {B2, 62) is a stable pair and is part of a stable matching. Hence, the 
pair (^2,63) cannot be a blocking pair. For (52,63) to be not a blocking pair, 63 should 
be married to someone higher than B2 on her list, say B^.. In other words, 63 should 
be married to 5^ before the rotation involving Bi and B2 occurs and cannot to married 
to anyone lower than B^ after the rotation has occurred because 63 can only go up her 
preference hst after future rotations. 



B^ 



Bo 



Bi 



B^ 
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This implies that 63 can never be married to Bi or S3 in the future, and the rotation 
involving the pairs (-Bi, 62) and (-B3, 63) which happens after the rotation involving Bi and 
B2 violates that. Hence, any man (and woman) can participate in at most one rotation. □ 

We are now in a position to prove Theorem [161 which we repeat here. 

Theorem 16 In the 1-attribute model, the rotation poset of a stable matching instance is 
(isomorphic to) a path. 

Proof: In order to prove this theorem, we need to show that any two rotations are 
comparable, as this gives a total ordering on the set of rotations. 

We start by computing the male-optimal and female-optimal stable matchings. The 
men who have the same partner in both matchings are removed along with their partners 
from the problem instance as their presence or absence does not affect the rotation poset. 
So we may assume that every man and women in the stable matching instance is involved 
in at least one rotation. 

Since every rotation involves exactly two men and two women (Lemma fT8|) . and, by 
removing the men and women that are not involved in any rotations, we see that each 
man and woman that remains is involved in exactly one rotation (Lemma [T9|) . Thus, the 
number of men and women in the (reduced) matching instance must be even. 

Let the 2k men be denoted {Bi, . . . , B2k} and the 2k women be denoted {hi, . . . , 62^}- 
By relabeling, we can assume that the male-optimal matching pairs man Bi with woman 
hi, and the female-optimal matching pairs man -821-1 with woman 622, and man i?2i with 
woman &2i-i- In other words, there are k rotations Ri,R2, - ■ ■ ,Rk and rotation Ri is of the 
form {{B2i-i,b2i-i), {B2i,b2i)}- We want to show that any two rotations are comparable, 
i.e., for every i,j G {1, 2, ... , k}, where i 7^ j, either Ri precedes Rj or Rj precedes Ri. 

Let us compare two rotations, say Ri and R2. The men and women involved in the two 
rotations are {Bi, B2, B3, B4} and {61, 62, &3, &4}- 

The preference list of B2 is the reverse of Bis and that of -B3's is reverse of i?4's. 
Without loss of generality, we could assume that Bi and B^ have the same preference lists 
and that 63 comes ahead of bi on their preference lists. Therefore, the partial preference 
lists of the men appear as follows. 





... bs ■■ 


. 61 


B2 




62 


B3 


... ^3 .. 


. 64 


B4 


••• 64 ■• 


. 63 



The partial preference lists of the women are given below. 



bi 1 ■ 


■■ B2 ■■ 


■ B, 


b2 1 ■ 


.. B, ■■ 


■ B2 


bs 1 ■ 


•• 54 ■■ 


■ B, 


&4 1 ■ 


.. B, ■■ 


■ ^4 
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The pair {Bi, 63) must not be a blocking pair to the male-optimal matching that pairs 
Bi to bi. Since 63 appears ahead of bi on Si's preference list, Bi should appear after B^ 
on 63's preference list. Therefore, the women's partial preference lists are as follows. 



bi 


... B2 ■ 


. Si .. 






b2 


... B^ ■ 


• S2 .. 






bs 




. S4 .. 


■ Bs ■■ 


• B, 


&4 


... B, ■ 


. S3 .. 


. S4 .. 





Since the female-optimal matching pairs (i?2i-i,&2i) and (-822, &2i-i), the pair (51,64) 
cannot be a blocking pair. Since Bi appears ahead of B^ on 64 's preference list, 64 should 
appear after 62 on Bis preference list. So the men's partial preference lists are as follows. 



B, 


... 63 • 


. 61 . 


• 62 • 


• &4 


B2 


... 64 ■ 


■ 62 ■ 


. 61 . 


■ 63 


Bs 


... 63 • 


. 61 . 


■ 62 ■ 


■ 64 


B4 


... 64 • 


• 62 • 


. 61 . 


• 63 



Since the male-optimal matching pairs {Bi, bi), we see that {B2, 64) cannot be a blocking 
pair. Since 64 appears ahead of 62 on i?2's preference list, B2 should appear after B4 on 
64's preference list. This gives us more information about the women's partial preference 
hsts. 



bi 


... B2 ■ 


.54.. 


• S3 . 


• B, 


62 


... Si . 


• S3 .. 


. S4 . 


■ S2 


bs 


■■■ B2 ■ 


. S4 .. 


• Bs ■ 


• B, 


&4 


... Si . 


. S3 .. 


■ S4 . 


■ S2 



Comparing the preference lists for the men and the women, we observe that in the 
men's preference lists the women involved in one rotation are sandwiched by the women of 
the other rotation. A similar thing happens in the women's preference lists, except that the 
rotations reverse their roles here, i.e. if the women from rotation R sandwich the women 
from rotation R' in the men's preference lists, then the men from R' sandwich the men 
from R in the women's preference lists. Since this is true for the men and women in every 
pair of rotations, wc could assume that all odd men have bi and 62 as the innermost pair, 
enveloped by 63 and 64 and so on. In other words, the preference lists for the men are as 
follows. 



51 


b2k 


-1 &2A:- 


-3 


■ ■ &3 bi 


62 &4 


■ ■ b2k 


-2 b2k 


B2 


b2k 


b2k-2 




64 62 bi 


63 ■• 


^2fc-3 


^2fc-l 


B3 


b2k- 


-1 b2k- 


-3 


■■ bsbi 


&2 b4 


•• b2k 


-2 b2k 


B2k-2 


b2k 


b2k-2 




64 ^2 ^'l 


63 •• 


b2k-3 


b2k-l 


B2k-\ 


b2k- 


-1 b2k- 


-3 


. . 63 61 


62 b^ 


■■ b2k 


-2 b2k 


B2k 


b2k 


b2k-2 




64 b2 bi 


bs ■■ 


b2k-3 


b2k-\ 
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This fixes the preference lists for the women and they are as follows. 





B2 


B, ■ 


■ ■ B2k- 


-2 


B2k 


B2k-1 


B2k- 


-3 ■ 


■• Bs 


Bi 




Bi 


Bs ■ 


■ ■ B2k~ 


-3 


B2k^ 


-1 B2k 


B2k' 


-2 ■ 


■■ B, 


B2 


h 


B2 


B, ■ 


■ ■ B2k- 


-2 


B2k 


B2k-l 


B2k- 


-3 ■ 


■■ Bs 


Bi 




Bi 


B3 ■ 


■ ■ B2k- 


-3 


B2k 


-1 B2k 


B2k 


-2 ■ 


■• B, 


B2 


^2fc-l 


B2 


B, ■ 


■ ■ B2k- 


-2 


B2k 


B2k-l 


B2k 


-3 ■ 


■■ ^3 


Bi 


&2fc 


Bi 


Bs ■ 


■ ■ B2k- 


-3 


B2k 


-1 B2k 


B2k- 


-2 ■ 


■■ 54 


B2 



Suppose 1 <i < k. Recall that Ri is of the form {(i?2i-i, &2i-i), (-B2j,&2i)} and Ri+i is 
{(i?2i+i, 621+1), (-621+2, &2j+2)}- Now Ri moves 621-1 from -B2i-i, which is below -821+1 on its 
preference list to i?2j, which is above -821+1 on its preference list. Hence the rotation Ri 
eliminates the pair (-821+1,624-1). Also, Ri+i moves -822+1 to 621+2, which is strictly worse 
for -824+1 than 624-1. Thus, Ri explicitly precedes Ri+i (taking M = -824+1 and w = 621-1 
in Definition 13. 6p . 

□ 



6 Stable matchings in the /c-Euclidean model 

Having given our construction for the /c-attribute setting, we now turn to the /c-Euclidean 
model. We remind the reader that in this model every man, say Ai, is associated with two 
points in M.^. One of the points, Ai, denotes his position and the other, Ai, denotes the 
position of his ideal partner. We refer to Ai as the position point of Ai and to Ai as the 
preference point of Ai. Similarly, each women has her own position and preference points. 
Each man ranks the women based on the Euclidean distance between his own preference 
point and the women's position points. In other words, if the distance between Ai and 6 is 
less than the distance between Ai and c, then Ai prefers 6 over c (6 appears higher in his 
preference list than c). 

In this section we work in the 2-dimensional Euclidean model. Our goal here is to 
establish Theorem |3l which we repeat below. 

Theorem 3 #-8/5' =ap #S'M(fc-Euclidean) when k>2. 

Theorem [3] asserts that jj^BIS and ^^^/(fc-Euclidean) are AP-interreducible for k > 
2. Since the AP-reduction from #S'M(/c-Euclidean) to ^BIS follows easily from known 
results (see Section [375]) . we now give an AP-reduction from i^BIS to #S'M(/c-Euclidean). 

As in Section HI we will show how to take an instance G of ^BIS and, in polynomial 
time, construct an instance / of #5'M(fc-Euclidean) so that the number of stable matchings 
of / is equal to the number of independent sets of G. 
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Let G = {Vi U V2,E) be an instance of jj^BIS with \E\ = n. We will construct a 
2-Euclidean stable matching instance having 3n men and 3n women. Our construction 
will use the p-cycles and a-cycles defined in Section 14.1.11 . To specify the stable matching 
instance, we now give position and preference points for the 3n men and women. 

First, we position the 3n women ai, ■ ■ ■ , a„, 61, ■ ■ ■ , Ci, ■ ■ ■ , c„ such that the 6- women 
lie on the y-axis and the a- women and c- women lie on the x-axis. We represent woman Wi by 
Wi = {wi{x) , Wi{y)) where Wi{x) and Wi{y) are her x- and y-coordinates. The coordinates 
of Oj, bi and q are (aj(x), 0), (0, and (q(x),0), respectively. We impose further 
restrictions on the coordinates of Oj, bi, and q. 



Fixing the x-coordinates of therefore fixes the positions of all of the women. 

Suppose Di through Di are the / cycles of a of lengths pi through pi, respectively. As 
before, let Cj be a representative element of cycle D^. So = {cj, (T(ej), . . . , (TP*~^(ei)}. 
Also as before, let Rep{a) = {ei,e2 ■ ■ ■ ,e/} be the set of representative elements of the 
(T-cycles. 

Let Wi = {a^ : x G Di} U {c^ : x G Di}. We set po = 0. For woman a^h^., where 

Cj G Rep{a), and < h < pj — 1, we set a^h^.{x) = J2iZo "^Pi + ^ + 1- The position points 
of the women are as follows. 



Next we fix the locations in the x-y plane for the ideal partners of the men as follows. 



Let bpi{y) = ai{x), Cfj-ii{x) = ai{x) — 0.7 for 1 < i < n. 



For 



Cj G -Rep(cr), < /i < — 1 let 
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i.e. we specify the preference points for each man. 



Let e = 1/100". 

For Cj G Rep{a), < h < pj — 1 let 
/ i-i j-i 



i=0 i=0 



B„h^ 



3-1 \ 

X + /i + 1 , 1000" , and 

1=0 / 



Ca(H-,),. = J]2p, + /i + 0.6, . 



i=0 

Having fixed the position of the women and the preference points for the men, we next 
fix the position of the men and the preference points of the women. 

First, we position the 3n men Ai, ■ ■ ■ , Bi, - ■ ■ , Ci, ■ ■ ■ ,Cn such that the C-men 
he on the y-axis and the A-men and 5-men he on the x-axis. Wc represent man nii by 
Mi = {Mi{x), Mi{y)) where Mi{x) and Mi{y) are his x- and y-coordinates. The coordinates 
of Ai, Bi and Ci are {Ai{x),0), {Bi{x),0) and {Q,Ci{y)), respectively. We impose further 
restrictions on the coordinates of Ai, Bi, and 

Let Bi{x) = Ci{y), Ap-ii{x) = Bi{x) - 0.7 for 1 < i < n. 

Here again, fixing the x-coordinates of Si, . . . , S„ therefore fixes the positions of all of 
the men. Suppose Ei through Ek are the k cycles of p of lengths qi through qk, respectively. 
As before, let /j be a representative element of cycle Ei, which is the element of E^ with 
the smallest index. So Ei = {fi, p{fi), p''*~^{fi)} = {fi, + 1, ...,/, + - 1}. Also as 
before, let Rep{p) = {/i, /2 • • • , fk} be the set of representative elements of the p-cycles. 

Let Wi = {Bx : x G Ei} U {A^ : x G Ei}. We set go = 0. For man Bphj., where 
fj G Rep{p), and < /i < — 1, we set Bphf. {x) = '^IZq 2qi + h + l. The position points 
of the men are as follows. 

For fj G Rep{p), < h < qj - 1 let 
Apu-.f^ = ^5]2g, + /i + 0.3, oj , 

^p'-fi = ^X^2g, + /i+l , oj , and 
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Next we fix the locations in the x-y plane for the ideal partners of the women as follows, 
i.e. we specify the preference points for each woman. 

Let e = 1/100". 

For fj e Rep{p), 0<h<qj-l 

let Qphf. = (^Y^2qi + h + l , 1000" j , 



bphf^ = 1^ ^ 2gj + /i + 0.6 , Oj , and 

/ i-i i-i 



i=0 i=0 

Having assigned position and preference points for both the men and the women, we 
construct the initial part of the preference lists of the men starting with man C^(h-i)f,_^. 

We compare the distances of the women from C^ih-i)^^ to produce the initial part of the 
preference list. 

ej,em e Rep{a) , < f,h<pj -1 , < g < Pm - i 

i-i 

d'{C,iu-^,^,bp,,eJ = iJ2^P^ + h + 0.6-0f 

1=0 

m—1 



+ {Q-^2pi- g-lf > 0.6^ + 1^ = 1.36 



i-i 

(i^(C'^(h-i)e,,C^(h-i)e,) = (^2pi + /i + 0.6 



i=0 

i-1 



^2pi-h- 0.3)2 + (0 - 0)2 = 0.09 and 

i=0 

i-1 

(P{C^(h-i)e.,a^he.) = 2pj + /i + 0.6 

i=0 

- Z 2pi - /i - 1)2 + (0 - 0)2 = 0.16. 



i=Q 
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For h^f, 



(f{C^(h-i)^,c^{f-i)g) 



For m > j, 



d'^{Ca(h-i)ei,C^{a-i)erJ 



For j > m, 



> 



> 



> 



> 



> 



> 



> 



> 



> 
> 



i-1 j-i 

^ 2pi + /i + 0.6 - 2pi - / - 0.3)' + (0 - 0)' 

i=0 i=0 

|/i - /I - 0.3)2 > (1-0.3)2 = 0.49 

5^2p, + /i + 0.6-J]2p,-/- 1)2 + (0-0)2 

\h-f\- 0.4)2 >(^i_ 0.4)2 ^ Q_3g_ 



m— 1 



^ 2pi + /i + 0.6 - 2pi - ^ - 0.3)2 ^ _ 



j=0 
m— 1 



\J22pi + g\-\h + 0.3\)' 

i=j 

'^Pj - (Pj - 1) - 0.3)2 > (2 - 0.3)2 ^ 2.89 and 

j — l m— 1 

^ 2p, + /i + 0.6 - 5] 2p, - ^ - 1)2 + (0 - 0)2 



i=0 
m— 1 



1=0 



J22pi + g + 0A\-\h\f 



i=j 



2pj + 0.4 - {pj - 1))2 > 2.42 = 5.76. 



m—l 



J2'2Pi + h + 0.6 -^2pi- g- 0.3)2 + (^g - 0)^ 



1=0 



1=0 

j-l 

\Y,2pi + h + 0.3\-\g\f 

i=m 

2p„ + 0.3 - {pm - l)f > 2.32 = 5.29 and 

j — l m—l 

2p, + /i + 0.6 - 2p, - ^ - 1)2 + (0 - 0)^ 

1=0 i=0 

\J2'2pi + h\-\g + 0A\f 

i=m 

'^Pm - (Pm - 1) - 0.4)2 > ^^_g^2 ^ 3.56. 
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From the above analysis, it follows that the preference list of C^(h-\)f.. starts with 
c„{h-i)f,^a„h^^ for 1 < j < /, < /i < — 1 as in Section 14.1 .Si 

Now we carry out a similar analysis to determine the initial part of the preference list 
of A^hf,.. We note that Yl\=i '^Pi = 2n and 2e ■ 2n = < 0.04. This implies that in the 
following analysis we could upper bound the term 2e ■ (X]i=i(2Pi) + h + 1) hj 0.04. 

e = 1/100", ej,emeRep{a) , 0<f,h<p,-l , < < - 1 
d\A^H,^,a,H,.) = (^2pi + /i + l-^2p, -/i-l)2 

i=0 1=0 

i-1 



+ 2pi + /i + 1 - e - 0)^ 

i=0 

i-i 



i-i 

d\A,H,^,hp„H,^) = {Y^2p, + h + 1 - Of 



i=0 



+ 2pi + + 1 - e - ^ 2p, - - 1)^ 
(^2p, + /i + l)2 + e2 



1=0 



j-1 i-1 

j=0 i=0 

+ (^2p, + /i + l-e-0)2 

j=0 

i-i 

= 0.7^ + {Y^2pi + h + l-ef 

i-i 

= {Y^2p, + h+l-ef + 0A9 
> (^2pi + /i + 1)2 + 6^ + 0.45 

1=0 
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For h^f, 



j-i i-i 

1=0 i=0 

i-1 

+ (^2pi + /i + l-e-0)' 

1=0 

i-i 

= (/i-/)' + E2p, + /i+l-6f 

i=0 

> (^2pi + /i + l -e)' + l 

i=0 

> (J] 2pi + /i + 1)2 + 6^ + 0.96 

i=0 



i-1 

d\A,.,^,b^,f,.) = (J]2p, + /i + 1-0)2 

+ (^2p, + /i + l-e-^2p,-/-l)^ 

j=0 1=0 

i-1 

= (^2p, + /i + l)2 + (/i-/-e)2 
«=o 

i-1 

> (^2p, + /i+l)2 + (l-6)2 

i=0 

i-1 

> {J22pi + h+ if + 6^ + 0.98 

i=0 
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i-1 i-i 
d\A,H,.,c,f-i,.) - (J]2p, + /i + l- J]2p,-/-0.3)2 

i=0 i=0 

+ (^2pi + /i + l-e-0)' 

j=0 

= (/i-/-0.7f + (J]2p, + /i + l-e)^ 

i=0 

i-1 

> {^2pi + h+l-ef + 0.09 

1=0 

> {J22pi + h+lf + e' + 0.05 

1=0 



For m > j, 



j — l m— 1 

i=0 i=0 

i-1 

+ (J]2pi + /i+l-e-0)2 

m— 1 J— 1 

> (|5]2p, + ^|-|/i|f + (J]2p, + /i + l-e)^ 

i=j i=0 

i-1 

> (2p,-fe-l)f + (5]2p, + /i + l-ef 

i=0 

i-1 

> (^2pi + /i+l-e)2 + 4 

i-1 

> 2pi + /i + 1)2 + e' + 3.96 

i=0 
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\2 



i-1 

d\A^H,.,bp„,eJ = (^2pi + /i+ 1-0)2 

j — 1 m—1 

+ (^2pi + /i + l-e-^2pi-y-lf 

i=0 i=0 
j—1 m—1 

> iJ2^p, + h + l)' + {\J22p, + g + e\-\h\y 

i=0 i=j 
j-1 

> (^2p, + /i + l)2 + (2p, + e-fe-l))2 

i=0 

j-1 

> {J2'^Pi + h + lf + {2 + ef 

1=0 

j-1 

> (J]2pi + /i + l)2 + e' + 4 

i=0 



j—1 m—1 

d\A,n,^,c,,-i,J = (^2p, + /i+l-5^2p,-^-0.3)2 

1=0 i=0 

j-1 

+ 2pi + /i + 1 - e - 0)2 

i=0 

m—1 j—1 

> (\J22pi + 9\-\h + 0.7\)' + (J2^p, + h + l-ef 

i=j i=0 

j-1 

> (2p,-(p,-l)-0.7)2 + (^2p, + /i+l-e)2 

i=0 

j-1 

> (2-0.7)2 + (^2pi + /i+l-e)2 

i=0 

j-1 

= (^2pi + /i + l-e)2 + 1.69 

1=0 

j-1 

> 2pi + /i + 1)2 + 6^ + 1.65 

i=0 
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For j > m, 



j—l m—l 
i=0 i=0 

+ (^2pi + /i + 1 -e-0)2 

1=0 

i-1 i-i 

> {\J22p, + h\-\g\r + {J2^p, + h+l-ef 

i=m i=0 

> (2p^-(p„.-l))' + (^2p, + /i + l-ef 

i=0 

> (^2pi + /i + l-e)' + 4 

i-1 

> {J2'^Pi + h + if + + 3.96 

i=0 



J 



i=0 

J—l m—l 

+ (5^2p, + /i + l-e-^2p,-^-l)' 

> {J22p, + h + ir + {\J2'2p, + h\-\g + e\f 

1=0 i=m 

> {J2'^Pi + h+lf+{2pm-{Pm-l)-ef 

i=0 

> (^2p, + /i + lf + (2-ef 

i=0 

i-1 

> (^2pi + /i + 1)2 + 6^ + 3.96 



1=0 
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+ 2pi + /i + 1 - e - 0)2 

> (I 5^ + /i + 0.7| - 1^1)2 + ( J] 2p, + /i + 1 - e)^ 

i=m i=0 

i-1 

> (2p^ - (p„ - 1) + 0.7)2 + + /i + 1 - ef 

1=0 

i-i 

> (2 + 0.7)2 + (^2p, + /i + l-e)2 

i-i 

= (^2pi + /i + l-e)2 + 7.29 

j=0 

i-i 

> 2pi + /i + 1)2 + e2 + 7.25 



i=0 

From the above analysis, it follows that the preference list of A^h^. starts with a„h^.hp„h^_. 
for 1 < j < /, < < — 1 as in Section 14.1.31 

Last, we study the preference list of B^h^.. First we will show that the preference list 
of man B^h^., where 1 < j < I, < /i < J9j — 1, starts with 

We obtain the above preference list by comparing distances between IB^h^. and the positions 
of the women. 

Cj, Cfc e Rep{a), < h < pj - 1 , < f < pk - I 

i-i fe-i 
d\B,,,^,bp,fJ = (^2p, + /i + l-0)2 + (1000"-5^2p,-/-l)2 

i=0 i=0 

< {^2pi + h + 1)2 + (1000" - 1)2 < (1000"^2 

i=0 



i-1 k-l 

£iB,n,^,d,fJ = (5^2p, + /i + l-^2p,-/-l)2 + (1000"-0)^ 

i=0 4=0 

> (1000")2 
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i-1 k~l 

d\B,n,.,c,f-,J = (^2p, + /i+l-5^2pi-/ -0.3)2+ (1000'^ -0)2 

1=0 1=0 

> (1000")2 



It immediately follows that the 6- women are all closer to B^h^. than any of the a-women 
or c-women. Hence, the preference list of B^h^. would start with all the 6-women coming 
first. We also note that the 6-women all have their x-component set to 0. Hence, B^h^^ 

would rank the 6- women by measuring their distance from B^h^^ in the |/-component. We 
also note that 1000" — 2n > for n > 1. Next we compare distances between B^h^. and 
the 6- women only using the y-component. We will use the notation dy{-,-) to denote the 
distance in the y-component. 

Cj, Cfei, efc2 e Rep{a) , < h < pj - 1 , < g < - 1 , < f < Pk2 - ^ 
For ki — k2 and g > f, we have 

fci-i 

dy{B,H,.,bp,.e,J = 1000" -^2p, 

i=0 
k2-l 

= 1000" - 2pi 

i=0 

For ki > k2, we have 

k2-l 

dy{B„u^. , hp^f^^^ ) - dy{B^H^. , bp^.ek, ) = (1000" - ^ 2p, - / - 1) 

1=0 

ki-1 

- (1000" - 2p, - 5 - 1) 

1=0 

ki — l fc2— 1 fei— 1 

= ^2p, + ^- j]2p,-/= j]2p, + g-/ 

1=0 i=0 i=k2 

> 2pk^ + g- {pk^ -l)=pk2 + l + g>0. 
From the above discussion, it follows that the preference list of B^h^. starts with 

Next we compare the distances of a-women and c-women from B^hf,-- As a-women and 
c-women all have their y-component set to 0, B^h^^ would rank the 6-women by measuring 
their distance from B^h^- in the x-component. We will use the notation dx{-, •) to denote 



fci-i 

-g-l< 1000" - ^ 2p, - / - 1 

i=0 

- / - 1 = dy{B^h^^,bp^f^^J. 
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the distance in the x-component. We consider two cases (i) h ^ pi — 1, 1 < i < I, (ii) 
h— Pi — 1, for some i e {1, 2, • • • , I}. 

Case(i) h ^ pi — 1, 1 < i < I: Now we compute and compare the distances between 
B^hf.. and the a- women and the c- women. 

ej,ek e Rep{a) , < h < pj - 2 , 0<g<pk-l , 

For k = j and g = h, we have 

dx ( B^rh ej,acr9ei^) — dx{ B^h g. , tt^h g^. ) 

i-1 i-i 
= I 2pi + /i + 1 - ^ 2pj - /i - 1| = and 

j=0 i=0 
•^a; ( ^a*^ ej ) ^o-s e/; ) = dx{ B^h ^. , C„h ^. ) 

= I J]2pi + /i + l-^2pi-(/i + l)-0.3| = 0.3. 

i=0 1=0 

For k = j and 51 ^ — 1}, we have 

= \Y,^Pi + h+l-Y,^p,-g-l\ = \h-g\>l and 

i-1 i-1 
= I 2pi + /i + 1 - ^ 2pi - y - 1 - 0.3| > I |/i - ^1 - 0.3| > 0.7. 

i=0 1=0 

For k — j and g — Pj — 1, we have 

i-1 i-1 
= I J]2p, + /i + l- J]2p,-(p,-l)-l| 

i=0 t=0 

= \h — {pj — 1)\ > 1 (because h ^ pj — 1) and 

dx{Bcrhej,Cagek) — dx{B^h^.,C^vj-^^^) — dx{B„h^.,CcF-^ej) 

i-1 i-1 
= I ^ 2pi + /i + 1 - ^ 2pi - 0.3| >\h + 0.7| > 0.7. 

i=0 1=0 
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For k > j we have 



i-1 



fc-i 



> 



> 



J]2p, + /i + l-^2p,-5-l| 



1=0 



1=0 



2pj + g-{pj-l)\>\pj + l + g\>2 and 
i-i k-l 
^2p, + /i + l-^2p,-^-0.3| 



1=0 

fc-i 



J]2pi + ^-/i-0.7| 



1=] 



2p, + 5 - - 1) - 0.7| >\pj + l + g- 0.7| > 1.3. 



For k < j we have 



i-1 fe-i i-i 

= |5^2pi + /i + l-^2pi-^-l| = |^2p, + /i 

i=0 i=0 i=k 

> \2pk + h- {pk-l)\>\pk + l + h\>2 and 

j-i k-i j-i 



dx{B^H,.,c^,-ie,) = |5^2p, + /i+l-^2pi-^-0.3| = |^2p, + /i + 0.7-^| 



i=0 



i=0 



i=k 



> \2pk + h + 0.7-{pk-l)\ > \pk + 1.7 + h\>2.7. 

It follows from the comparison that B^he- prefers a^he^ over c^^he- and c^^he- over any other 
a-woman and the c-woman. Hence, the initial part of the preference list of B^hg^ reads 

Case(ii) h = Pi — 1, for some i G {1,2, - ■ ■ ,/}: Now we compare the distances between 
B^hf.^ and the a- women and the c- women. 

ej, Cfc e Rep{a), h = pj - 1, < g < pk - 1, 

For k = j and g = h, we have 

dxiB^'^e, ) = 4(5,.. 



\^2pi + h + l- ^2pi - h-l\^0 and 

i=0 1=0 

I 5^ 2p, + p,- - ^ 2p, - 0.3| = p,- - 0.3. 



i=0 



i=0 
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For k > j we have 



J-1 



fe-1 



> 



> 



2pi+pj - ^ 2pj - y - 1| 



i=0 
k-l 



i=0 



^2p, + 5 + l-p,| > \2pj + g + l-p,\ 



Pj + 1 + g\ > pj + 1 and 
i-i k-l 
5^2p,+p,-^2p,-^-0.3| 



i=0 

k-l 



i=0 



Y,'^Pi + g + 0.3-pj\ > \2pj + g + 0.3-pj\ 



Pj + 0.3 + g\ >pj + 0.3. 



For k < j we have 



> 



> 



k-l 



Y^pi+pj -Y2pi- g -1\ 



i=0 



i=0 

Y2pi+pj-g-l\ > \2pk+Pj-pk\ 

i=k 

Pk +Pj\ > + 1 and 
i-i k-l 
J]2p,+p, -^2p, -5-0.31 

i=0 i=0 
i-1 

J2'^Pi+Pj-g-0.3\ > \2pk+pj-{pk-l)-0.3\ 

i=k 

Pk+Pj + 0.7\ >pj + 1.7. 



From the above inequahties, it follows that B^h^^ prefers a^p^-i^ over Cg-ig^, , and c^-ig. over 
a- women and c- women whose subscript belongs to a cycles di&rent from that of c„-ie/s. 

Now we compute and compare distances from B^hg. to all the a-women and c-women whose 
subscript is on the same a cycle as a^^Pj-ie 's and c^-i^.^s. 
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For < g < Pj — 2 we have 

= I J]2p, - ^2p, - - 1 - 0.3| - I ^2p, - ^2p, - (7 - 1| 

i=0 i=0 

= Pi - ^ - 1-3 - (Pj - ^ - 1) < 
and ioT < g < pj — 1 we have 



i=0 



j-1 i-1 



J-1 



i-1 



J2'^Pi+p,-J2'^Pi-g-l\ -\J2'^Pi+Pj-J2'^Pi-g-0.3\ 



i=0 



i=0 



i=0 



i=0 



p^-g-l-(p^-g-0.3)<0. 



From the above comparisons, it follows that B^p^-i^ prefers a^p^-i^, over c^Pj-2^ , Ca-aej over 
a„9e^ and Oo-se^ over Ca-g-iej for < (7 < — 2. Stringing these preferences together, we 
obtain a portion of B p,-i 's preference list which appears as 

CL p^— 1 C p^— 2 (2 p-i— 2 C Pt— 3 ••• Cn-p tirrp Cp dp . C^~i p . ( = C P-i —1 J . 

We remind the reader that i?^p^ -i^ 's preference list has all the 6- women appearing at 
the front appended by the above list of a-women and c-women. Hence, the initial part of 
-B^p^-ig 's preference list is 



The initial part of the preference lists of men Afjsg.,C„s-i^. and B^s^. are as follows. 
Ci e Rep{a) , 







, < m < j9j — 


1 


C^(m-l)g. 


: c^(m-i)e^a^me^ , < m < Pi 


- 1 


Ba"^ei 


■ bpa(n~^)ei ■ ■ 


&pe,&p^(p,-l-i)e,_, ■ 


^pei_i 








< m 


Ba(P^-'^)e, 


• ^pa^n-^)ei ■ ■ 










Oo-Ei C^(pi - 1) g . 





'pCT(Pi-l)ei ■ ■ ■ ^pei'2(7(Pi-i)C^(Pi-2)ei 



Note that these are exactly the same as those in (jl]) for any appropriate value of the 
permutation r. In a similar manner, we can obtain preference lists for the women. The 
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preference lists for the women are as follows. 

/, e Rep{p) , 



apmf^ 

ap(M-i)f^ 



Apim~i) f^Bpm , < m < - 1 

Bpraf^CpmJ^ , < 771 < - 1 

Cp('?fc-i)/fc ■ ■ ■ f^^^ ■ ■ ■ Cfk-1 • • • 

Cp(91-1) /i ■ ■ ■ C f^Bpmf.Apmf- , < m < Qi —2 



Cfk~lBp(n--^)f,Ap(gi-2)f^ 



Now note that, by the construction of the p cycles, which go in order from 1 to n, the 



hst 



C 



p(9fc-i) • ■ ■ C'/feC'p('?fc-i-i) • ■ ■ C'/fe_i ■ ■ ■ C'p(n-i)/i ■ ■ ■ C*/! 



is identically C„ ■ ■ ■ Ci. Thus, the preference lists for the women are identical to those given 
in ([3]). Thus, the rest of the proof is exactly the same as in the 3-attribute case, starting 
from the introduction of the men's lists (jl]) in Section 14.21 
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